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Abstract

We analyze optimal monetary policy in a sticky price
model with open market operations. The central bank
sets the policy rate and can, additionally, control the
amount of money by rationing money supplied against
eligible securities. Optimal policy under money ra-
tioning is shown to enhance welfare in the long-run
and in the short-run compared to a conventional opti-
mal policy regime where money supply is not rationed
and satiates money demand. Specifically, this prop-
erty is shown to apply when privately issued debt is
eligible in open market operations, which allows the
central bank to separately alter costs of borrowing and
the size of transactions for which money is required.
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1 Introduction

In the macroeconomic literature of the last two decades, the implementation of monetary policy
has focussed on how a risk-free short-term nominal interest rate should be set.?> Money supply is
then passively adjusted by the central bank to satiate money demand, which means that money
is supplied until the private agents’ marginal valuation of money accords to the marginal costs of
holding money in equilibrium. Yet, central banks typically (i.e. in non-crisis times) refrain from
fully accommodating money demand, as, for example, the US Federal Reserve "has created what
is called a ‘structural deficiency’. That is, it has created permanent additions to the supply of
reserve balances that are somewhat less than the total need" such that the open market "desk is in
a position to add balances temporarily to get to the desired level".? Likewise, the European Cen-
tral Bank has in general not fully accommodated liquidity demand of counterparties by applying
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"allotment rates" less than one for its main refinancing operations.* This indicates that central

banks can in fact control both, the nominal interest rate (or, policy rate) as the price of money
and the amount of money, by rationing the supply of reserves.”

This paper shows that a central bank can enhance welfare by rationing the amount of money
supplied in open market operations. Accounting for the fact that reserves are supplied against
eligible assets, we consider a collateral constraint for open market operations, where the concept
of collateral is used here — like by central banks — in a broader sense and refers to the property
of repurchase agreements being a form of collateralized lending. When the central bank supplies
money at a price below the marginal valuation of money by private agents, the latter are willing
to acquire money against eligible assets until the collateral constraint becomes binding. The
policy rate is then decoupled from the marginal rate of intertemporal substitution, which frees up
instruments that can change private agents’ access to money and interest rates on eligible debt
securities. Under money rationing, the central bank can thus control the amount of money as
well as interest rates, which allows to separately induce changes in the size of transactions for
which money is required and in borrowing costs. Compared to a monetary policy regime that
fully accommodates money demand, the central bank can therefore reduce distortionary effects
on the allocation more effectively under money rationing simply by having additional instruments
at its disposal. This is demonstrated by applying a stylized macroeconomic model, where money

rationing is shown to enhance welfare in the long-run and in the short-run.

2See, e.g, several chapters in [12]. Exceptions are analyses of unconventional monetary policies that are applied
in crisis times, like [10], [13], or [14].

#See Fedpoint "Open Market Operations" at http://www.newyorkfed.org/aboutthefed /fedpoint /fed32.html.

*Details on the European Central Bank’s allotment rate decisions can be found in [11].

Responses of US Federal Reserve and the European Central Bank to the recent financial crisis, i.e. setting interest
rates close to zero and actively expanding the supply of reserves via lending facilities and direct asset purchases, also
indicate that central banks can simultaneously control interest rates and the quantity of money.



We examine optimal monetary policy in a framework with frictions that are standard in the
literature (see [17], [20], [6], or [23]). Specifically, we allow for goods prices to be set in an
imperfectly flexible way, for transaction frictions (i.e. cash constraints), and for time varying
mark-ups. In this framework, we explicitly consider that money is supplied by the central bank
only in exchange for eligible assets. Since the latter serve as (imperfect) substitutes for money, the
interest rates on eligible debt securities relate to the price of money in open market operations and
thus to the policy rate. For assets that are non-eligible, investors then demand interest rates that
are higher due to an illiquidity premium.® These interest rates relate — as usual — to the nominal
marginal rate of intertemporal substitution, which reflects the opportunity costs of money holdings
and, therefore, determines the private agents’ marginal valuation of money. When the policy rate
is set at a lower level, private agents are willing to hold money up to the maximum amount supplied
by the central bank against eligible assets, such that money supply is effectively rationed.

Money rationing becomes a relevant option for a welfare maximizing central bank if it cannot
implement the first best allocation under a conventional single instrument regime. If, for exam-
ple, only transaction frictions are present, satiating money demand at zero nominal interest rates
implements first best, such that money rationing would be undesirable in this case. If, however,
efficiency requires a positive nominal marginal rate of intertemporal substitution, e.g. when nom-
inal rigidities call for price stability, rationing money supply is advantageous: Suppose that the
central bank sets — like in a conventional regime — the policy rate equal to the nominal marginal
rate of intertemporal substitution, such that money supply is not rationed and the central bank
has only one instrument at its disposal. Unless transaction frictions are not present and the special
case of "divine coincidence" applies,” first best will then not be implementable. Now suppose that
the central bank sets the policy rate below the desired nominal marginal rate of intertemporal
substitution and constrains access to money by a set of eligible assets that are not abundantly
available.® Then, money supply is rationed, while private agents are not worse off than under a
conventional regime. The central bank can in this case deal with multiple distortions, i.e. it can
simultaneously stabilize prices and vary the costs of borrowing (to reduce supply side distortions),
by separately adjusting the supply of money to manipulate aggregate demand and altering the
interest rates on eligible debt securities. Hence, there are gains from money rationing when there
exist frictions that, on the one hand, call for non-zero nominal interest rates and, on the other

hand, cannot be neutralized just by steering aggregate demand with a single instrument.

This is consistent with empirical evidence by [18] on the yield spread between corporate bonds and treasuries.

"The term divince coincidence has been used by [3] to describe the property of a standard New Keynesian model
which does not feature a conflict between the goals of an optimizing central bank.

81f money were instead supplied in an unconstrained way (e.g. against abundantly available collateral), the
nominal marginal rate of intertemporal substitution would then fall to the level of the policy rate, implying inefficient
levels of inflation and real activity.



For the analysis of optimal monetary policy, we apply a model that is sufficiently simple to
facilitate the derivation of closed form results, while it accounts for some main characteristics of
central bank practice. Specifically, we consider money being supplied outright against treasury
securities and under repurchase agreements (repos), which lead to private sector money holdings
as well as positive money injections. In addition to treasury securities, we also consider corporate
loans, which are issued by firms who rely on working capital, as eligible assets for money supply
operations.? Under money rationing, the central bank then alters the distortive loan rate via policy
rate adjustment, while it can separately control the amount of money supplied against collateral
in open market operations. Given that supply side distortions exist (implying that there is no
divine coincidence), money rationing enables the central bank to enhance welfare by influencing
firms’ borrowing costs and by simultaneously implementing a desired level of aggregate demand
with distinct instruments.!?

We compare optimal policy under commitment, which is shown to be associated with money
rationing, with a conventional optimal policy regime where money supply is not rationed. The
latter regime is characterized by the identity of the policy rate and the nominal marginal rate
of intertemporal substitution. Decoupling these rates under money rationing endows the central
bank with more than one instrument and allows to control the long-run inflation rate independently
from the policy rate. The central bank can therefore reduce welfare costs of price stickiness by
stabilizing the price level via money supply adjustments and it can simultaneously set the policy
rate to reduce the costs of borrowing money; this strategy being impossible under a conventional
regime where the policy rate is linked to inflation in the long-run by the Fisher equation. Under
a non-rationed money supply, borrowing costs therefore tend to be higher and long-run welfare
losses (compared to first best) are a multiple of the long-run welfare losses under an optimal policy
regime with money rationing. We further show that effects of cost-push shocks, which are typically
considered in the New Keynesian literature and found to substantially contribute to business cycle
fluctuations (see [24]), can be neutralized under money rationing. More precisely, the central bank
can neutralize effects on firms’ marginal costs by lowering the policy rate or increasing the fraction
of eligible loans, and can simultaneously adjust the total amount of accepted collateral to induce
a level of aggregate demand that closes the output gap. For a special case, where the distortion

between cash goods and credit goods is eliminated, it can be shown that money rationing even

9The US Federal Reserve mainly accepted "Treasuries only" in pre-2008 open market operations. However,
corporate debt securities — like commercial papers that relate to intraperiod loans in the model — have also been
considered as substitutes for treasury debt in case of "large budget surpluses and the associated steep reductions in
Treasury debt" (see [4]).

10We further examine an alternative model version, where we account for heterogenous households who bor-
row/lend for consumption purposes and we consider consumption loans as eligible assets (see Appendix F). For this
alternative version, we also find that monetary policy can enhance welfare via money rationing, though, the welfare
gains are less pronounced than for the benchmark model.



enables implementing the first best allocation.!!

The paper relates to studies on optimal monetary policy under commitment, in particular,
with sticky prices and transaction frictions, like [17], [20], and [6]. These studies show that the
central bank should predominantly stabilize prices and deviate from the Friedman rule (see [23],
for an overview). Optimal policy is also mainly characterized by price stability when prices are
sticky and taxes are distortionary, even though inflation serves as a substitute for taxation (see
[21] and [2]). For the case where sufficiently many tax instruments are available, [9] show how
the effects of price stickiness can be neutralized, while [1] show that the central bank can off-set
effects of transaction frictions and of pre-set prices when it simultaneously controls the policy
rate and the money growth rate. The paper further relates to studies where a central bank is
assumed to directly lend to the private sector, rather than to use private debt as collateral (as
assumed in this paper). Analyzing monetary policy in a model with sticky prices and imperfections
in private financial intermediation, [10] show that direct central bank lending is associated with
costs that differ from private costs of intermediation and can be beneficial at times of unusual
financial distress. Similarly, [13] develop a model where private intermediaries face balance sheets
constraints, while the central bank can inelastically raise funds at fixed costs per unit lent to
the private sector. Like [14], who augment [13] by introducing idiosyncratic investment risks, they
show that direct lending is beneficial in crises situations when private intermediaries are financially
constrained. In contrast to these studies, we do not consider credit origination by the central bank
and abstract from costs of central bank operations.

The paper is organized as follows. Section 2 presents the benchmark model. In Section 3,
we describe the role of money rationing. In Section 4, we describe the policy problem under
commitment and present some closed form results for a special case. Section 5 provides comparisons
to a conventional optimal policy regime without money rationing. In Section 6, we discuss limits

to money rationing and differences to direct central bank lending. Section 7 concludes.

2 The model

In this Section, we present the model, which features frictions that are standard in the New
Keynesian literature on monetary policy, namely, sticky prices, potentially time varying mark-ups,
and transaction frictions. The latter are modelled by liquidity constraints for households, who rely
on money for purchases of a cash good (in contrast to purchases of a credit good), and firms, who
rely on working capital. The main difference to standard models is that money is supplied only in

exchange for assets in open market operations. There, the central bank controls the price of money

UNotably, optimal monetary policy under money rationing is not limited to policy rate adjustments, which is most
apparent at the zero lower bound where private sector behavior can still be affected via money supply instruments,
as shown by [16] in a companion paper.



and the amount of money supplied against eligible assets, which consist of short-term treasuries
and corporate loans. By deciding on how much money is supplied against these assets, the central
bank influences their prices compared to non-eligible assets, since agents internalize the property
of assets to serve as (imperfect) substitutes for money. Following common central bank practice,
we assume that money is supplied outright as well as under repurchase agreements (repos), which
ensures positive money injections in each period and that central bank transfers consist of total

interest earnings.
2.1 Timing of events

Households, indexed with ¢ € [0, 1], enter a period ¢ with money Mﬂ_l, one-period government
bonds B;;—1, and contingent claims D;;. After aggregate shocks are realized at the beginning of
the period, the central bank sets its instruments, i.e. it announces the maximum amount of money
as a fraction of eligible assets held by the counterparty (x and k¢, see below), and sets the policy
rate R;". The remainder of the period unfolds as follows.

First, the labor market opens, where a perfectly competitive intermediate goods producing
firm j hires workers n;;. We assume that it has to pay wages before the goods are sold. Since it

does not hold any financial wealth, firm j borrows working capital to finance its wage bill
Lt/ Ry > Pawmgy, (1)

where w; denotes the aggregate real wage rate and P, the final goods price. Firm j borrows the
amount L/ Rﬁt and repays the amount L;; at the end of the period, such that Rﬁt is the interest
rate on the intraperiod loan.

Second, open market operations are conducted, where the central bank supplies money outright
or under repos against eligible assets at the price R}". Household i receives new money (injections)
from the central bank I;; against eligible assets, i.e. corporate loan contracts and government
bonds. Specifically, the central bank supplies money against fractions of randomly selected trea-
suries /ﬁLtB and loan contracts xy, such that I; ; is constrained by the following condition, which we

summarize as the ‘collateral constraint’:*2
Liy <k (Big—1/R{") + ky (Lig/RY") . (2)

After receiving I; ¢, household i delivers L;;/ Rf to firms according to the loan contracts. It then
holds money, bonds, and loans to the amount Mﬂ_l—kIm— (Li,t/RtL), Bii—1 —ABit, and Li,t—Lft,

where ABEt are treasuries received by the central bank and Lft are loans under repos, such that

2Though, the term collateral only applies to repos and not to outright purchases, it is — like by central banks —
used in a broader sense throughout the paper, for convenience.



iy = (AB{,/R[") + (L{}/RT").
Third, wages are paid, and intermediate as well as final goods are produced. Then, the goods
market opens, where cash goods ¢; — in contrast to credit goods ¢; — can only be purchased with

money. Hence, household i faces the ‘cash-in-advance constraint’
Py < Iy + Mﬁ_l — (Lit/RY) + Pawigniyg, (3)

where w;; denotes the individual wage rate. Household 's stock of money then equals ]\Z,t =
Mﬁ_l + It — (Lm/RtL) + Paw; iy — Preiy > 0 and its stock of treasuries equals Ei,t =Bit1—
AB;f, > 0.

Fourth, before household ¢ enters the asset market, it receives government transfers P;7; ;, and
dividends of firms and retailers, which sum up to P;d;;. Repurchase agreements are then settled,
i.e. household ¢ buys back loans Lft = M{th?l and treasuries Bﬁ = MZ%RQ" from the central
bank, where Mz%t and Mﬁ denote money supplied temporarily against loans and treasuries. In the
asset market, returns from maturing assets are paid, loans are repaid, and treasuries are issued (at

the price 1/R;) as well as contingent claims. Household #’'s asset market constraint is thus given

by

(Bit/Re) + Etlquir1Digir] + M3 (4)
< By + BE + My — (ME + MEYRP + Liy + Dy + Piciy + Periy + Py,

where ¢;;4+1 denotes a stochastic discount factor (see Section 2.3). The central bank transfers
seigniorage to the treasury and reinvests payoffs from maturing bonds in newly issued bonds and

leaves aggregate money supply unchanged at this stage, fol Mﬂdi = fol(Mﬁfl —G—Ii,t—Mi%—Mﬁ)di.
2.2 Firms

There is a continuum of identical intermediate goods producing firms indexed with j € [0,1].
They exist for one period, are perfectly competitive, and are owned by the households. A firm j
distributes profits to the owners and hires the aggregate labor input n;; at a common wage rate
wi. We assume that wages have to be paid before goods are sold. For this, firm j borrows cash L;;

from households at the price 1/ Rﬁt (see 1) and repays the loan at the end of the period.'® It then

e
jyt

with an unconditional mean equal to one, and sells it to retailers. Following related studies (see

produces the intermediate good according to 10;; = a;n%,, where a € (0,1) and a; is stochastic

e.g. [6] and [23]), we consider a constant subsidy 77 to eliminate long-run distortions, such that

3Tn Appendix D, we show that the possibility of retained earnings does not to affect our main results.



the problem of a profit-maximizing firm j is given by

max (14 7P)Pjsam$, — Pawnj, — Lj,t(Rﬁt —1) /Rﬁt, s.t. (1), (5)

{nje.li}

where Pj; denotes the price for the intermediate good. The first order conditions are given by
(1 + 7P) (Pyt/P) an};o‘ = w + gjpwy, RE —1 = ¢4, and <;¢[(lj¢/RF) — winjs] = 0, where
lj+ = Lj+/P; and ¢;; > 0 is the multiplier on (1). Defining 7" = 77/(1 + 77) as the production (or

wage) subsidy rate, labor demand and loans satisfy:

(Pre/Po) aany = (1= 7") wi Ry, (6)

lj,t/Rﬁt = wtnj,t, (7)

if RF > 1, while (I;;/RF) > wnj; holds instead of (7) if RF = 1. Firms transfer profits to
the owners in a lump-sum way. Condition (6) shows that the working capital constraint (1) can
distort labor demand through the costs of borrowing RY. Since intermediate goods producing firms
are ex-ante identical, they can only exhibit different labor demands if they face different costs of
borrowing (6). This would, for example, be the case, if lenders perceive loans of different firms as
imperfect substitutes. We exclude this possibility by assuming that the central bank treats loans
of all firms in an ex-ante identical way (see Section 6 for a discussion).

To introduce sticky prices, we assume that there are monopolistically competitive retailers who
re-package intermediate goods 10, = fol 10;4dj. A retailer k € [0, 1] produces one unit of a distinct
good yi+ with one unit of the intermediate good (purchased at the common price Pj;) and sells
it at the price Py ; to perfectly competitive bundlers. They bundle the distinct goods yi; to a
final good ¥; that can be used for consumption as a cash good or as a credit good. Both goods
are thus produced according to the same technology y; = ( fol y,? dk:)e%l and are sold at the same
price P;. The cost minimizing demand for y; ¢ is then given by yi+ = (Px+/P:) " ys. Following [5],
we assume that each period a measure 1 — ¢ of randomly selected retailers may reset their prices
independently of the time elapsed since the last price setting, while a fraction ¢ € (0,1) of retailers
do not adjust their prices. A fraction 1 — ¢ of retailers sets their price to maximize the expected

sum of discounted future profits. For ¢ > 0, the first order condition for their price ]5,5 is given by

e By 20 (08)° arirsyirsPrsmetrs
=1 E Y20 (08)° qrerstrsPrrs

where me; = Pjy/P, denotes retailers’ real marginal cost. With perfectly competitive bundlers,
the price index P; for the final good satisfies P!™¢ = fol Pkl’fdk. Using that fol Pkl’t_edk =
(1—¢) 32, ¢*PLF holds, and taking differences, leads to P!™° = (1 — ¢)P} ¢ + ¢P} .

B -

, (8)



2.3 Households

There is a continuum of infinitely lived households indexed with i € [0, 1] and with identical asset
endowments and preferences. Instantaneous utility decreases with working time and increases with
consumption, which consists of cash goods ¢;; and credit goods ¢;;. Following [19], we assume
that cash and credit goods are distinct from the households’ perspective.'* Household i maximizes

the expected sum of a discounted stream of instantaneous utilities

)
B Bhulciy, G mig), 9)
t=0
where F is the expectation operator conditional on the information set in the initial period, g €
(0, 1) is the subjective discount factor, and the utility function is given by u(c; ¢, Gi¢, nit) = [(c};" -
1) + 7(5};” . I xnitﬂ7 (14n)"!, where 0 > 0, x > 0,7 >0, and v > 0.

Households are assumed to monopolistically supply differentiated labor services n;; that are
transformed into aggregate labor input n; employed for the production of intermediate goods. The
transformation is conducted via the aggregator ntl “le fol nit_l/ Ctdi, where we follow [24] and
assume that the elasticity of substitution ¢, varies exogenously over time according to a stationary

process. Cost minimization leads to the following demand for differentiated labor services n; ,
1 Ly
Nt = (UJi,t/ZUt)_Ct ne, with w, 6t — / wi’t_Ctdi. (10)
0

A household 1 is initially endowed with money MZ{{_ 1 > 0, government bonds B; _1 > 0, and
contingent claims D;o. Before household ¢ enters the goods market, where it relies on cash for
goods purchases (see 3), it might lend money to firms. It can then acquire money in open market
operations up to fractions x; and x of randomly selected loans and treasuries (see 2). In the
goods market, household ¢ can use wages, money holdings net of loans, and additional cash from
current period open market operations for its consumption expenditures (see 3). In the asset
market, household i receives payoffs from maturing assets, buys treasuries, and borrows/lends
using a full set of nominally state contingent claims. Dividing the period ¢ price of one unit of
nominal wealth in a particular state of period ¢ + 1 by the period ¢ probability of that state gives
the stochastic discount factor g;41. The period ¢ price of a random payoff D;; from investments
in state contingent claims in period ¢ + 1 is then given by E;[gt+1Di¢+1]. Substituting out the

stocks of bonds and money held before the asset market opens, Ei,t and ]\Z,t, in (4), the asset

Y Credit goods are sold on trade-credit, which is neither explicitly specified in this paper nor considered as a
pledgeable asset. In Appendix F, we analyze consumption loans in an alternative model version and allow for the
possibility that they are eligible in open market operations.



market constraint of household 7 can be written as

M{ifl + Bi,t—l + Liﬂ: (1 — 1/R£) + thi,tni,t + Di,t + Pt(si,t + PtTi,t (11)
> M} + (Bit/Ri) + Etlare11Dip1] + Li (RY" — 1) + Piciy + Picig,

while its borrowing is restricted by the no-Ponzi game condition lims_,oo Fiqt t4sDit4s+1 > 0 as
well as by Mg > 0 and B;; > 0. The term I;; (R* — 1) in (11) measures the costs of money
acquired in open market operations. Maximizing (9) subject to the collateral constraint (2),
the cash-in-advance constraint (3), labor demand (10), the asset market constraint (11), and the
borrowing constraints, for given initial values Ml}{ 1, Bi,—1, and D; g, leads to the following first

order conditions for both types of consumption goods, working time, injections, and loans

Cif =it + Uiy, (12)

Vi = Aits (13)

pexngy = we (Nig + i) (14)

Vir = (R = 1) Ni + RY"n; 4, (15)

R (i +m34) = RE (Mo + nigke) (16)

where p; = (;/({; — 1) denotes a stochastic wage mark-up, A;; > 0 the multiplier on the asset
market constraint (11), 1;; > 0 the multiplier on the collateral constraint (2), and ,;, > 0
the multiplier on the cash-in-advance constraint (3). Notably, the latter affects the consumption
and leisure choices (12) and (14), implying ¢; 7 = MtX”Zt Jwy. Further, the following first order
conditions for holdings of bonds, money, and contingent claims, and complementary slackness

conditions,

B
Ait+1 + KMt

Aip = BRE} ) (17)
Tt+1
by + 1.
Aig = 5Etw, (18)
Tt4+1
)\‘
G+l = P %H, (19)
Terl  Agt

0 =1, [Lie + M1 — (Liz/R}) + Pavgniy — Prcig), (20)
0=, (kP By 1+ miLiy — R T4), (21)

as well as (2), (3), and (11) with equality (since A;; > 0, see 13) and the transversality condi-
tions hold. Combining (15), (17), and (18) to RiEy[(Nigs1 + k21 e41) /Tes1] = B[R (Nigg1 +
N;t+1)/Te+1], shows that household 4 is indifferent between investing in money or investing in

treasuries and converting a fraction x7; of them into cash in the next period at the rate R ;.



Likewise, (16) shows that the loan rate RY depends on the fraction of loans eligible as collateral

in open market operations, ;. Using (12), (15), and (18), condition (16) can be written as
1/RE = (1= ki) ¢, BE[c; { T ] + ke /Ry, (22)

which shows that the inverse of the loan rate is a convex combination of the inverse of the nominal
marginal rate of intertemporal substitution of consumption of the cash good ¢7,SE; [c;t‘ﬂrlﬂ'; Jrll}
and the inverse of the policy rate 1/R}”. When loans are not fully eligible, x; < 1, there can be
a spread between the policy rate and the loan rate, i.e. an illiquidity premium, while for xk; = 1

both rates are identical, Rf = RJ*. Otherwise, x; = 0, the loan rate equals cit [ (BEc; . Jrll])
2.4 Public sector

The central bank transfers seigniorage revenues P;7}" to the treasury, which issues one-period bonds
and pays a subsidy at a constant rate. The supply of short-term government bonds is specified in
a simple way. Specifically, we assume that the total amount of short-term treasuries B , which are

either held by households or the central bank, grows at some exogenously determined rate I' > 3,
Bf =T'B/,, (23)

given BT, > 0. Note that we do not aim to measure total public debt by the stock of short-term
bonds B, which can be interpreted as t-bills. To abstract from further effects of fiscal policy, we
assume that the government has access to lump-sum transfers P;7;, which balance the budget. Its
budget constraint is thus given by (Bf/Rt) + Pt = Bgf_l + Pyt + PitPmciay fol n?‘,tdj.

In open market operations, the central bank supplies money outright and temporarily in repos
against treasuries, MtH = fol Mﬁdz and MFE = fol Mﬁdi, and against corporate loans under repos,
MtL = fol Mftdi. At the beginning of each period, its stock of treasuries equals By ; and the stock
of outstanding money equals Mtlf 1- It then receives an amount ABf of treasuries and loans LE in
exchange for money at the amount (AB§/R™) + (L{/R™). Before the asset market opens, where

the central bank rolls over maturing assets, repos are settled. Its budget constraint thus reads
(Bf/Ry) — B + P = R (M — M) + (R — 1) (M} + M. (24)

Accounting for common central bank practice, we assume that the central bank transfers its earn-
ings from holding assets and from open market operations to the treasury, P,7i" = (1 — 1/R;) Bf +
(R —1) (MH — M, + M} + M[). Substituting out transfers in (24) shows that central bank
asset holdings evolve according to Bf — Bf | = M} — MH,. Assuming that initial values for

central bank’s assets and liabilities satisfy B¢, = M, delivers the central bank’s balance sheet
B = MH. (25)

10



The central bank has three main instruments. It sets the policy rate R;* > 1 and can decide how
much money to supply as fractions of eligible assets, for which it can adjust the two additional
instruments, #; and k7, in a state contingent way. We assume that the central bank sets x/
between zero and one, ﬁtB € (0,1] and k¢ larger or equal to zero, k; > 0. To account for the
case where (1) is not binding (if RF = 1), we restrict #; to be smaller than the wages-to-loans
ratio k; < Ry, where B = RFw; fol njdj/ fol lj1dj, such that k; € [0,min{1,%:}]. By satisfying
Kkt < ¢, the central bank only accepts loans up to the amount that is issued for current production
expenditures.!® If (1) is binding, i.e. when R} > 1, k; < &y implies sy < 1.

Finally, the central bank can decide whether money is supplied in exchange for treasuries via
repos or outright (while loans are only traded under repos). Specifically, it controls the ratio of
treasury repos to outright purchases of bonds €, > 0 : Mft = QM where a sufficiently large
value for {); ensures that injections are always positive, I;; > 0. The ratio §2; can further be

adjusted in the long-run to implement the desired long-run inflation target (see Proposition 7).
2.5 Equilibrium

We restrict our attention to symmetric equilibria, where all households and intermediate goods
producing firms behave in an identical way. There will be no arbitrage opportunities and markets
clear, ny = fol n;dj = fol ng ¢ di, Yy = fol ciqdi + fol ¢itdi = ¢ + ¢, and fol L;di = fol Ljdj = Ly.
Aggregate stocks of assets satisfy fol D;11di = 0, fol Mﬁdz = MM, fol Mﬁdi = ME, f01 Mftdi =
ME, [ Bigdi = By, [y Lipdi = I = M1 — M, + M+ M}, and Bf = B, + By. Using the latter
and (25), imply household bond holdings to satisfy b, = b} — m¥, where b;, b}, and m{’ denote
real values of government liabilities by = B;/P;, b} = B} /P, and m{T = M/ P,.

Since intermediate goods producing firms behave in an identical way, their aggregate output
satisfies 10; = a;ny. Retailers can differ with regard to their prices, which might lead to dispersed
retail prices. Market clearing for the intermediate goods market, 10; = fol Yitdk then implies
for aggregate output a;nf' = fol (Pet/Pr) " yedk < y = agny /sy, where s; is a measure of price
dispersion, s; = fol (Pgt/P;) ° dk. Following [25] and [22], we restrict our attention to the case
where there is no initial price dispersion, s_; = 1. Taking different cohorts of price adjusting
firms into account, s; can be written as s; = (1 — ¢)(Z¢/P) "¢ 4+ (1 — ¢)p(Zyi—1/P;) "¢ + (1 —
¢)$*(Z—2/P;) "¢ + ... and therefore as s; = (1 — ¢) Y10, ¢'Z, 51,75, ,_,. Taking differences,
leads to s = (1 — qS)Z;E + ¢si—1m§. Defining Z; = ﬁt/Pt and rewriting the denominator and
numerator in a recursive way, (8) can be written as Z; = 7721t/ Z2,t, where — using (13) and
(19) — Z1t = v¢; “yymey + BE s Z1 1 and Zoy = v¢; Tyr + gbﬁEmf_;llZth. Aggregation over

retail prices further gives 1 = (1 — ¢) Z}7° + ¢S 1. A definition of the competitive equilibrium is

""In contrast, loans that are not issued by firms to finance the wage bill, which might be the case when (1) is not
binding, are not eligible.
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given in Appendix A.

3 The role of money rationing

To see how money rationing can affect the equilibrium allocation, consider first the cash-in-advance
constraint (3), which implies Pyc; < M + Mt + MF in equilibrium. It gives rise to non-neutrality
of monetary policy if it is binding. To see when this is the case, use the conditions (12) and (18),
which imply ¢, 7 = ﬁEt% + 1, and that the multiplier on the cash-in-advance constraint i,

satisfies in equilibrium

Yy =¢ "[1 = (1/Ry)] 20, (26)

where R; is defined as the nominal marginal rate of intertemporal substitution of cash good con-
sumption, 1/R; = ﬂEt%. Households are indifferent between 1/R; units of the means of
payment in period t, which is required for consumption purchases, and one unit in period ¢ + 1.
They are therefore willing to give up R; — 1 in order to transform one unit of account into one
unit of money today. Thus, a positive value Ry — 1 > 0 reflects — like in standard models — a
strictly positive valuation for money and implies that households will not hold more money than
needed for consumption expenditures. Then, ¢, > 0 (see 26) and the cash-in-advance constraint
is binding (see 20), while it is not binding, ¥, = 0, if R; = 1.

Now consider the collateral constraint (2), which in equilibrium reads
M =M+ M+ M < k5P (B /R") + ki (Li/R®) . (27)

Notably, the instruments /ﬁ:? and k; enter the set of equilibrium conditions (see Definition 1 in
Appendix A) only via the collateral constraint (27) and the asset pricing conditions (16) and (17),
and jointly with the multiplier n,. Hence, if (27) is not binding, 1, = 0, the instruments x” and r;
will not affect the equilibrium allocation and prices, and the model reduces to a standard model
(see Definition 2 in Appendix A). To see when (27) is binding, use that (12), (15), and (18) imply
¢, 7 =R (M +mn,) and A\ = ﬂEt% in equilibrium, and eliminate \;, which leads to the following

condition for the multiplier on the collateral constraint 7,
e = ¢ “[(1/R{") = (1/Ry)] = 0. (28)

Condition (28) shows that, when the policy rate R is smaller than Ry, the multiplier 7, is strictly
positive and the collateral constraint is binding (see 21), such that access to money depends on
the instruments HgB) and on holdings of eligible assets. In this case, the cash-in-advance constraint
is binding as well, 1, > 0 (see 26), given that R}* > 1. Households can then get money in
exchange for eligible assets at the price, R}* — 1, which is below their marginal valuation of money;,

R;—1. Hence, they use eligible assets as much as possible to get money in open market operations,

12



such that (27) is binding and money supply is effectively rationed by the central bank’s collateral
requirements.'6

To demonstrate how agents’ decisions are distorted and how the policy instruments can be
used to address these distortions, we will repeatedly refer to the first best allocation, which is

characterized in the following Proposition.

Proposition 1 The first best allocation {c},c;,nf}i2, satisfies

a(n)* = ¢+, x () TN(G) = wa, and v (G)77 = ()77, (29)

and thus nf = [a; = (1+~Y7)" (/)] Ti-aTea cep=ar(n)* ) (L+4Y9), and & = gyt

Proof. See Appendix B =

The model exhibits several frictions, which are standard in the literature on optimal monetary
policy (see [6] or [23]). First, prices are imperfectly flexible and can be dispersed, s; > 1, which
leads to an inefficient allocation of working time. Second, imperfect competition between labor
suppliers and between retailers lead to mark-ups over wages and over prices, i.e. p, and 1/mey,
which can vary over time due to innovations to the substitution elasticity ¢, and due to sticky
prices. Third, firms rely on loans to finance wages in advance, such that labor demand is distorted
by the loan rate if R{“ > 1. Fourth, the households’ cash-in-advance constraint distorts the choice
of consuming cash goods ¢; or credit goods ¢; if R; > 1. The effects of these distortions can easily
be identified by comparing (29) with the following equilibrium conditions that immediately follow

from (6), (12)-(14), y: = asn§' /s, and the resource constraint:

atn,‘f‘ = (Ct + Et) + St, (30)
1+n—a o mcey 1

=ao || 31

Ve 7 = BEy [e % /me] (32)

A conventional interest rate policy that is associated with a non-rationed money supply cannot
implement the first best allocation, which is a well-established result in the literature on optimal
monetary policy in sticky price models (see [8], [17], or [6]). This result holds true even if not all
distortions mentioned above were present, since the central bank has only one instrument (R}")
at its disposal. If, however, the central bank supplies money subject to the collateral constraint
(27) and the latter is binding, additional instruments (i.e. x and ;) are available.!” Then,

money supply is rationed and the policy rate as well as interest rate on eligible assets (i.e. R; and

"5 This further implies that RJ™ cannot be larger than R; (sce 28).
1"The instrument €2; is used to ensure positive injections, I; > 0, and to implement the long-run inflation target
(see Proposition 7), while it will not be utilized for stabilization purposes.
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RF) are decoupled from the marginal rate of intertemporal substitution, which reflects changes in
consumption and inflation that can be influenced by the central bank’s supply of money. Money
rationing thus allows freeing up money supply instruments in addition to the policy rate and enables
the central bank to address more than one distortion. The following Proposition summarizes how
monetary policy instruments affect the determination of the equilibrium allocation under both
scenarios.

Proposition 2 For given sequences {s¢, 1}, the equilibrium sequences {ct, ¢r, ny, mey, REY,
are determined by (30)-(32) and

1. under rationed money supply, i.e. under a binding collateral constraint (27), by

1/RE = (1 — k) Be] Byle fymih] + ke /R, (33)
ce =i ([mee/ (1= 7")]asanf /RI") + ki (be—1 /R iy +myl gy (34)
where {mfl, b} satisfy by + mfl = T (b1 +mil) /m and mf (14 Q) = mfl, +

kBbi_1/RM w7, given {ag, 13520, {R", ke, kP, 0 }150,, mf; >0 and b_1 > 0.

2. under non-rationed money supply, i.e. under a non-binding collateral constraint (27), by

1/Rf = B By, Ay ], Ry = R, (35)
given {ag,pu 1729 and {R{"}2,.

Proof. See Appendix B =
Part 1 of Proposition 2 refers to the case where the collateral constraint (27) is binding, which
requires the policy rate to be set according to RY* < Ry, where Ry = 1/(8¢§ E; [0;51”1;11]) (see 28).
The equilibrium conditions (33) and (34) show that the central bank can influence the allocation
by changes in the three instruments R}, K)tB , and x;. If a non-zero fraction of loans is accepted
as collateral, x; > 0, the policy rate directly affects the loan rate (see 33), which alters the
consumption-labor choice according to (31). The central bank can further induce changes in the
demand for the cash good by tightening or expanding money supply with all instruments (see 34),
given that the cash-in-advance constraint is then binding as well (see 26). Under money rationing
the central bank can thus apply more than one instrument to affect the equilibrium allocation via
the firms’ borrowing costs as well as via aggregate demand, and can thereby enhance welfare when
the first best allocation is not implementable with a single instrument.

If, in contrast, the policy rate equals the nominal marginal rate of intertemporal substitution

R™ = Ry, the collateral constraint (27) is slack and money supply is not (effectively) rationed.'®

18Setting R™ = R: is equivalent to the case where the central bank supplies money against assets which are
abundantly available, like contingent claims D; ;, which are issued by private agents. The policy rate can then not
be lower than the marginal costs of money R; in equilibrium, since abundantly available assets can be used to acquire
more money, such that consumption increases and R; decreases until R; = R".
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The instruments x; and s are then irrelevant for the allocation and the loan rate equals the policy
rate (see part 2 of Proposition 2). The policy rate then affects consumption and expected inflation
via the consumption Euler equation (35) and simultaneously via the consumption-leisure choice
(see 31). Such a single instrument regime, can suffice for a central bank to conduct optimal policy
if it faces just a single distortion. When first best can in fact be implemented by appropriately
setting the policy rate, money rationing can be irrelevant or even not recommendable. This is
summarized for the stylized case of perfect competition (¢ — oo and (, — o0) and perfectly

flexible prices (¢ = 0) in the following Proposition.

Proposition 3 Suppose that competition is perfect, prices are perfectly flexible, and ™ = 0. The
allocation then equals first best if RF = 1 and Ry = 1 for v > 0, requiring R = 1 and a non-
rationed money supply.

Proof. See Appendix B =

Under perfectly flexible prices and perfect competition, which also implies that there are no cost-
push shocks, the private sector behavior is only distorted by the liquidity constraints (1) and (3)
that firms and households face. These distortions are undone when holding money is costless,
which demands that the lending rate R} equals one and, when households consume credit goods
(v > 0), that the nominal marginal rate of intertemporal substitution R; also equals one. Both
requirements together with (33) imply that the policy rate R* equals R;, and, by (28), that
money supply is not rationed. When households do not consume credit goods, v = 0, the nominal
marginal rate of intertemporal substitution does not need to equal one, such that first best can be
implemented regardless whether money supply is rationed or not.'? For less stylized cases where
prices are sticky or cost-push shocks exist, a welfare maximizing monetary policy will, however,
rely on money rationing, as it allows to address more than one distortion. Specifically, policies
that aim at stabilizing prices or at neutralizing cost-push shocks and that simultaneously strive
for low borrowing costs can be conducted in a more successful way under money rationing than

under a single instrument regime. This will be shown in the subsequent Section.

4 Optimal monetary policy

In this Section, we examine optimal monetary policy under commitment, without the simplifying
assumption of perfect competition. In the first part, we describe some main properties of the
solution to the optimal policy problem. In the second part, we focus on the special case without

credit goods, where money rationing enables the central bank to implement first best.

19For the case of a cashless economy with sticky prices, it is well established (see the discussion of divine coincidence
in [3]) that a single instrument can also be sufficient to implement first best (if average mark-ups are eliminated). For
this, the policy rate has to be set in a way that induces aggregate demand to be consistent with constant marginal
costs, such that prices are never changed.
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4.1 Optimal policy under money rationing

Throughout the subsequent analysis, we examine optimal monetary policy under the assumption
that the central bank has access to a commitment technology that ensures that policy announce-
ments are honored. It is well known that optimal policy under commitment may entail a time
inconsistency when forward-looking equilibrium conditions — like (32) — serve as constraints to the
policy problem. Following the related literature on optimal monetary policy (see, e.g., [23]), we
disregard the issue of time-inconsistency and restrict our attention to time-invariant processes of
the solution to the policy plan.?’

In general, an optimal monetary policy will seek to minimize the effects of the distortions
mentioned in Section 3. As demonstrated by Proposition 2, the central bank has more instruments
available if it effectively rations money supply, i.e. if it sets the policy rate in a way that leads
to a binding collateral constraint (27). To examine if the central bank actually chooses to ration
money supply, we consider the collateral constraint (27) and the cash-in-advance constraint (3) as
constraints to the policy problem. When deriving the optimal policy, we restrict our attention to
cases where the constraints on the central bank instruments, x2 € (0,1], x; € [0, min {1,%;}], and
R > 1, are not binding. For example, the non-negativity constraint on interest rates imposes a
relevant restriction on the policy rate, Rj® > 1, which might be binding for large shocks or when
the mean policy rate implied by the solution to the policy problem is close to unity. We therefore
consider a production subsidy 7 = 1 — (¢ — 1)/(eu) and standard deviations of shocks that allow
to implement the optimal policy plan without violating these constraints on the instruments in
the neighborhood of the steady state under the optimal policy.?!

Examining the policy problem, it can be shown that the central bank will actually choose to
ration money supply. Specifically, by setting the policy rate according to Rf* < R, the central bank
can reduce the loan rate below R; and offset mark-up shocks by state contingent adjustments of its
additional instruments. Hence, the allocation under the optimal policy is independent of mark-up

shocks, which is summarized as follows.

Proposition 4 The optimal monetary policy under commitment is associated with money ra-

tioning, i.e. Rj* < 1/(Bcf Ey [c;fﬂ;_ll]) and k¢ > 0. The policy problem is then given by

max EZﬁtu(ct,Et,nt), s.t. (30), (32), s¢ = d)st,ﬂrf—k(l—qﬁ)%e (1 — gbwffl)ﬁ , (36)

{ct,Ct,me,me,s6 332 =0
fort=0,..00 and s_1 = 1, such that the solution to (36) is independent of cost-push shocks.

Proof. See Appendix C m

20Gpecifically, the optimality conditions that will be applied in the analysis can be interpreted as being part of a
commitment plan derived and implemented in a timeless perspective (see, e.g., [26]).
21Gee Section 6 for a discussion of the limits to money rationing.
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Since the loan rate RF can be manipulated by setting R/ for x; > 0 according to (33), without
simultaneously altering the nominal rate of intertemporal substitution (as in 35), the central bank
can offset stochastic changes in the mark-up p, (see 31). This is in general not possible for the case
of non-rationed money supply, where (31) is in general a binding constraint to the policy problem
(see Appendix E). However, the remaining distortions cannot completely be removed under money
rationing when households assign a positive value to credit goods, v > 0. Specifically, avoiding a
welfare reducing price dispersion requires stable goods prices, whereas avoidance of the inflation
tax on the cash good calls for a deflation according to the Friedman rule (see 32). Since the choice
of inflation cannot address both distortions simultaneously, first best cannot be achieved.?? This
property is summarized in the following Proposition.

Proposition 5 Consider the policy problem in (36) for v > 0. Under the optimal policy, prices
are not stable in the long-run and the allocation differs from the first best allocation.

Proof. See Appendix C m

Given that prices are sticky, the central bank will not fully eliminate the inflation tax on cash goods
induced by the households’ cash-in-advance constraint (3). However, it can substantially reduce
the distortion induced by the firms’ liquidity constraint (1) under money rationing by setting the
policy rate below the nominal marginal rate of intertemporal substitution, R < Ry, and declaring
a positive fraction of loans as eligible, x; > 0. This is apparently not possible under a non-rationed
money supply, where the steady state values of the policy rate and the loan rate are identical and
determined by m/3. Thus, the possibility to separate the policy rate from R; allows the central
bank to reduce the long-run effects of distortions as well as to stabilize the economy in the short-
run in a more efficient way than under non-rationed money supply, which will be shown in Section

5.
4.2 A special case

In this Section, we examine the special case where there exists no cash-credit goods friction and
average borrowing costs are eliminated, which is particularly useful for demonstrating how money
rationing improves the central bank’s ability to address distortions in the short-run. For this
version of the model, we can derive a closed form solution to the policy problem. Specifically,
we assume that households do not consume credit goods, v = 0, such that the inflation tax does
not distort the household decisions (as in 32). Nevertheless, the allocation between consumption
and working time, which are both associated with liquidity requirements (see 1 and 3), is affected

by the loan rate (see 31). Under money rationing, the central bank can then set the instruments

221t should be noted that the policy instrument xZ might be non-stationary under the optimal policy. This can
be the case when the growth rate of short-term treasuries I' (see 23) deviates from the long-run inflation rate under
the optimal policy (see Proposition 7).
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such that welfare losses due to changes in mark-ups and due to price dispersion are avoided by
manipulating the loan rate and aggregate demand in a way that eliminates the wedges in (31) and
that implies constant goods prices. This however requires average mark-ups to be small and the
average loan rate to be sufficiently large such that the zero interest rate bound is not hit. For
this, we follow related studies on optimal monetary policy (see [20] and [6]) and consider a subsidy

which corrects for the deterministic means of the mark-ups and the costs of borrowing:
=1~ [me/u] /RY, (37)

where © = (/(¢ — 1) and mc = (¢ — 1) /e. When production is subsidized according to (37),
monetary policy under money rationing can offset changes in mark-ups by induced changes in the
loan rate (see 33), while money supply can be adjusted to implement a level of aggregate demand
consistent with stable prices (see 34). Hence, the central bank can overcome the well-known trade-
off between stabilizing inflation and closing the output gap by rationing money supply. This result

is summarized in the following Proposition.

Proposition 6 If households do not consume credit goods, v = 0, and the production subsidy
satisfies (37), the central bank can implement the first best allocation if it rations money supply.

Proof. See Appendix C. m

As stated in Proposition 6, the central bank can implement the first best allocation when it rations
money supply, which endows the central bank with the two money supply instruments x; and mtB
in addition to the policy rate R;*. To see how the instruments are adjusted to implement first

best, insert (37) in (31) to get

Ltn—o o [mct/mc RL] . (38)

A YT
A comparison of (30) and (38) for v = 0 = ¢; = 0 with the corresponding conditions for the first
best allocation (29) shows that mc;/me = (u,/p) (RF/RY) and s; = 1 have to be satisfied for the
allocation under the optimal policy to be identical with first best. The absence of price dispersion,
s¢ = 1, requires constant prices, m; = 1, which is only consistent with optimal price setting when
marginal costs are constant, mec; = mc (see proof of Proposition 7). Hence, the central bank can

implement the first best allocation if and only if it sets its instruments such that
—_ L/pL _
me; =me and Ry /R™ = /. (39)

Given that the cash-in-advance constraint and the collateral constraint are binding (see Proposition
4), the central bank can adjust R}” to induce the loan rate to satisfy R”/R* = u/u,, and can

set x; and kP in a state-contingent way that implies a consumption level which is consistent
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with mc; = mec (see Proposition 2). In particular, x; and kP can be adjusted according to (34)
such that consumption equals ¢ and — by (30) — working time equals 7;, where ¢ = ¢(s¢, cf)
and 7; = (s, n}).2% Once mc; = mc holds, retailers will not change their prices, implying that
there will be no price dispersion, s; = 1, and the equilibrium allocation is identical to the first
best allocation, ¢; = ¢f and n; = ny. The following Proposition summarizes how the first best

allocation can be implemented.

Proposition 7 For v =0 and (37), the central bank implements price stability and the first best
allocation if it sets R® > 1, k; € [0, min {1,7}], kP € (0,1], and ; > 0 according to

ko R = g/ (WRY) = (1 = k) B Byleymizh] > 0, (40)
xBb;_1 = R"m, (e (1— ﬁtstmct,utaRtL/R;") - mﬁlﬂt_l] , (41)
1+R™Q¢ kP I4+R™Q 1 /kf

Ry < /(B¢ Beleyim ), and limgooo(——yg -t = T
eligible, ky = 0, the first best allocation cannot be implemented.

o ) = 0. If loans are not

Proof. See Appendix C. =

As described in Proposition 7, optimal policy can implement the first best allocation by using the
instruments R}", k¢, and /ﬁtB . For this, the central bank has to accept at least some loans in open
market operations, ks > 0, to satisfy (40). The conditions listed in Proposition 7 further imply
that multiple combinations of the instruments are consistent with optimal policy. The central
bank can directly manipulate the loan rate by setting the policy rate for a given r; (see 40),24 and
it can implement the desired consumption level ¢ by adjusting s or x; according to (41); the
latter condition showing that a higher x; requires — ceteris paribus — a lower s and vice versa.

Under the optimal policy, the long-run inflation rate equals one, which can be implemented if the

central bank adjusts 7 or € in the long-run to off-set trends (I' > 1 or I' < 1) in the supply of
QR [k F1+Qt—1Rm/thB 25
14+ - 1491

government bonds, i.e. for t — oo.

If loans are not eligible, x; = 0, the loan rate R} equals R; (see 22) and is only affected by
the policy rate through its equilibrium impact on consumption and inflation. In this case, the
remaining instruments, i.e. R} and xf, jointly affect the consumption level via (41), but they
cannot simultaneously be used to off-set mark-up shocks. Put differently, changes in the policy rate

do not directly affect firms’ marginal costs if k; = 0, such that all instruments impact on the demand

side and first best cannot be implemented. This result relates to the well-known trade-off faced by

(A+n)/(ntactl-a)

23 As shown in the proof of Proposition 7, the target values ¢ and 7; are given by ¢ = Sy + and

= s,EU*”/(”*“"“*“)n;, where the first best values ¢; and n; satisfy (29).
?4This can be done in the simplest way when all loans are eligible, x; = 1, such that (40) reduces to Ry /R™ = /.
For I > 1, the values of kP have to decline over time to implement a stationary sequence of inflation rates. If
T" < 1, the central bank has to increasingly supply money for treasuries under repos by letting the ratio of repos to

money supplied outright €; increase over time.
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central banks conducting a conventional interest rate policy, which in our framework corresponds to
the case where money is not rationed. The equilibrium is then characterized by (35), which together
with (38) and (39) imply that under the first best allocation SR™ (u/u.) Et (at/atﬂ)%
would have to equal 1. This is apparently impossible as long as either R™ # 3, u, # p, or a; # 1.
Hence, first best cannot be implemented when money supply is not rationed, since the single
monetary policy instrument, R}", cannot be set to simultaneously off-set mark-up shocks and to

implement a consumption level consistent with constant prices.

Corollary 1 When money supply is not rationed, the first best allocation cannot be implemented.

5 Comparison with the case of non-rationed money supply

In this Section, we examine the long-run and short-run welfare gains of monetary policy under
money rationing compared to a conventional (optimizing) monetary policy regime where the col-
lateral constraint is slack, i.e. where the policy rate is restricted by Rj" = 1/(8cf Et[c, /7, +11]) (see
28), while we abstract from the simplifying assumptions (y = 0 and 7 = 1 — [mc/p] /R*) made in
the previous Section.?6 The latter regime corresponds to the optimal monetary policy in standard
sticky price models with transaction frictions, where money is supplied in a non-rationed way (see
e.g. [17] or [20]). Given that the collateral constraint is slack, neither government bonds nor money
holdings are relevant for the determination of the equilibrium allocation when the central bank sets
the policy rate (see Proposition 2). Then, the set of constraints for the policy problem consists of
Zy = 55714/ Zoy, where Zyy = ¢, “yymer + ¢BEE 1 Z1 1 and Zay = 3¢, Ty + OBETS | Zogi,
st = (1= @) Z7° + ¢psp1ms, 1 = (1 — ¢)(Z)' ¢ + ons L, (30), (31), (32), and (35), where we
climinate the loan rate in (31), pxn! '™/ (meyaay) = BE; (el /meg1) T

For the numerical analysis of the optimal policy regime with money rationing (labeled with
opt) and of the policy regime with non-rationed money supply (std), which accords to a standard
optimal policy regime, we calibrate the model using standard parameter values as far as possible.
The labor income share equals a = 0.66, the substitution elasticity for intermediate goods € = 10,
steady state working time n = 0.33, the discount rate 8 = 0.99, the fraction of non-optimally
price adjusting firms ¢ = 0.8, and the elasticities of the utility function equal o = 2 and n = 0.
For the utility weight of credit goods =, we apply a benchmark value of v = 1, implying that
both types of consumption goods are treated in an identical way. We further assume the log of
the productivity level and the log of the wage mark-up p, = ¢,/ ({; — 1) to be generated by the

(AR1) processes a; = a'"Pa}_; exp(e;) and p, = ,ulfpuufﬁl exp(e}'), where Et_lz’:‘g“) =0,a=1,

26In Appendix F, we show that money rationing also lead to long-run and short-run welfare gains in an alternative
model version, where heterogenous households borrow/lend for consumption purposes and consumption loans are
eligible for open market operations.

2TThe policy problem is summarized in Appendix E.
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Figure 1: Steady state welfare gain of money rationing

u = 10/9, autocorrelation coefficients P(w) equal 0.9, and standard deviations of agﬂ ) equal 0.005
(see e.g. [22]).

We first compare steady state welfare under the optimal monetary policy as described in Section
4.1 with steady state welfare under an else optimal policy regime with non-rationed money supply.
For the computation of the solutions to these policies we assume that the production subsidy
eliminates average mark-up distortions, 7% = 1—[(¢ — 1) /(eu)].?® Welfare is measured by using the
households’ objective, V® = E > B'u(cf, 7, n¥) where x € {*, opt, std}, under the assumption
that the initial values are identical with the corresponding steady state values. Deviations from
the welfare value under the first best (*) are then measured as permanent consumption values that

compensate for the welfare loss under alternative policy regimes, Loss® = ¢ c’

perm — “perm>
o = (1= ) (1 — o) VT + 1)1/ (177,

Figure 1 presents the long-run welfare gain of money rationing, i.e. the ratio of the welfare

where

loss under the optimal policy regime without money rationing to the welfare loss under optimal
policy with money rationing, Loss**®/Loss’", for values of the utility weight of credit goods
v € [0.15,1.75] and for values of the degree of price stickiness ¢ € [0.075,0.875]. It shows that
the welfare loss under a regime with non-rationed money supply exceeds the welfare loss under an
optimal policy regime by a factor that is larger than 1.4. This ratio tends to increase monotonically

(up to 3) with a higher degree of price stickiness ¢, which aggravates the welfare costs of price

28The full sets of steady state conditions are given in Appendix C and in Appendix E.
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Figure 2: Steady state inflation rates and loan rates (in basis points) under rationed and non-
rationed money supply

instability, and with a smaller utility weight -, which reduces the welfare costs of the inflation tax
on cash goods (see Section 4.2 for the special case v = 0). The reason for this long-run welfare
gain of money rationing is the separation of the policy rate and the nominal rate of intertemporal
substitution, which equals 7/ in the steady state. The inflation rates under both regimes (std,
opt), which are shown in first row of Figure 2, are close to one for higher degrees of price stickiness,
¢ > 0.5, which is due to the central bank’s aim to avoid welfare costs of price dispersion. For
lower values of ¢, the central bank is increasingly willing to lower the inflation tax on credit goods,
such that inflation rates are smaller (which accords to [23]). The deviation from price stability is
thereby more pronounced when money is not rationed. According to the left panel in the second
row of Figure 2, the loan rate under non-rationed money supply actually reflects the pattern of the
inflation rate (where the axis is rescaled for convenience). The striking difference to the optimal
policy with money rationing can be seen from inspecting the right panel in the second row, showing
that the borrowing rate, which distorts firms’ labor demand, is lowered by 1.6-2.8 % in terms of
annualized rates. This reduction in the loan rate is made possible by a policy rate set below 7/
and by eligibility of corporate loans, x > 0 (see 33).

To demonstrate short-run differences between the monetary policy regimes with money ra-
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Figure 3: Responses (in % dev. from the steady states) to a productivity shock

tioning and without money rationing, we compute impulse responses to aggregate shocks. As
stated in Proposition 7, an optimal policy regime has to satisfy x; > 0. Here, we keep k¢ con-
stant and set it equal to 0.55 (implying a steady state ratio of eligible loans to output equal to
1/3), while the other instruments, £ and R}, are adjusted in a state contingent way according
to (40) and (41). We further set the repo share €, equal to 3/4, which implies the steady state
values of k7 and RJ" to equal 0.75 and 1.004 (in annualized terms). To simplify the analysis,
we further assume that I' equals the prevailing long-run inflation rate, which allows to abstract
from long-run adjustments in 7 or € (see Proposition 7). Figures 3 and 4 show impulse re-
sponses to aggregate shocks (a; and pu,) under different scenarios, i.e. the optimal policy (solid
black line with diamonds), the optimal policy under non-rationed money supply (red solid circled
line), and first best (blue dashed line). Overall, they indicate that the economy can be stabilized
in a more successful way when money is rationed, which is confirmed by a short-run welfare gain
of (Loss™  — Loss*™)/(Loss(¥}  — Loss®) = 3.15, where Loss{*l  and Lossgfttal are total wel-

total
fare losses (defined analogous to the steady state welfare losses Loss®).?? Notably, the short-run

29 The total welfare losses Lossi‘d, and Loss:ffal are measured by the stochastic means of the values V;**¢ and
Vt"pt computed by applying a second order approximation — as implemented in dynare 4.2.2 — of the solutions to
the policy plans std and opt.
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Figure 4: Responses (in % dev. from the steady states) to a cost push shock

stabilization gain is considerably smaller (1.2) when only productivity shocks are considered.
Figure 3 shows the impulse responses to a positive productivity shock, which tends to lower
firms’ total marginal costs and thereby the inflation rate (see 8 and 31). Overall, the allocations
under the three scenarios respond in a similar way and exhibit only small differences. Working
time and the production under the optimal policy and under the first best are almost identical,
while consumption of the credit good under the non-rationed money supply regime comes closer to
the first best counterpart. The response of consumption of the cash good under the optimal policy
regime lies between the other scenarios. When money is non-rationed, the central bank lowers
the policy rate (that here equals the loan rate) in response to higher productivity. The central
bank thereby further stimulates aggregate demand (which is reflected by the output response),
such that the fall in total marginal costs and thus inflation is mitigated, while both, the costs of
borrowing and the inflation tax, are reduced. In contrast, under the optimal policy regime (with
rationed money supply), the central bank initially raises the policy rate, which tends to stabilize
firms’ total marginal costs. At the same time, the amount of money supplied against eligible assets
increases due to an increase of loans and a larger amount of money supplied against treasuries £,
which offsets the impact of the policy rate response on aggregate demand. This strategy allows to

stabilize inflation in a more successful way than under the policy regime without money rationing.
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Figure 4 shows impulse responses to a cost-push shock, i.e. a wage mark-up shock, which
does neither affect the first best allocation (see Proposition 4) nor the allocation under optimal
policy (with rationed money supply). Under a conventional policy regime (with non-rationed
money supply), which is well-established not to be able to simultaneously stabilize prices and the
allocation, the central bank slightly lowers the policy rate, which tends to stimulate aggregate
demand but fails to fully stabilize prices. Inflation then increases on impact, while consumption
and working time decrease. Under the optimal policy regime (with rationed money supply), the
central bank lowers the policy rate and thereby the loan rate in a much more pronounced way
to off-set the cost-increasing effect of the mark-up shock. To stabilize the allocation at this lower
policy rate, which tends to stimulate real activity, the central bank reduces the fraction of eligible
treasuries. Hence, by simultaneously adjusting the amount of rationed money and the policy rate,
the effects of cost-push shocks can be neutralized, such that neither the allocation nor prices are

affected.

6 Discussion

In this Section, we discuss the limits to optimal policy under money rationing and argue that
collateralized central bank lending, as modelled in here, is not equivalent to direct central bank
lending.

In the previous analysis, we have shown how a central bank can enhance welfare by money ra-
tioning. However, the scope of this strategy is limited by the restrictions on the policy instruments
(like ngB) > 0 or R > 1) and, in particular, by the requirement that the collateral constraint
(27) must be binding. As discussed in Section 2.5, this relies on the policy rate to be smaller than
the nominal marginal rate of intertemporal substitution (see 28). Throughout the analysis, the
instruments have in fact always been adjusted in a way that is consistent with these requirements,
while this cannot be guaranteed for any size of aggregate shocks. For example, when the central
bank keeps the fraction of eligible loans constant, an increase of the policy rate in response to a
large productivity shock (see Figure 3) might render money rationing impossible due to a slack
collateral constraint. The central bank is nevertheless able to conduct optimal policy by adjusting
the fraction of eligible loans x; instead of (or with) the policy rate, which both affect the loan
rate via (33).3° The central bank can therefore increase the scope of this policy by applying all
available instruments in a suited way. This possibility is particularly relevant at the zero lower
bound, where stimulation of real activity by a reduction in the policy rate is not possible.?!

To understand how collateralized central bank lending differs from direct lending, suppose that

30For example, a strong reduction of k¢, which is consistent with a binding collateral constraint, can serve as a
substitute for an increase in the policy rate.
31The case of a binding zero lower bound for the policy rate is examined by [16] in a closely related framework.
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the central bank supplies loans directly to firms at the policy rate (rather than lends to households
against loans as collateral). When the central bank lends only to a fraction x < 1 of firms, firms who
borrow from households will face higher costs of borrowing than firms receiving loans directly from
the central bank, if the policy rate is below the nominal marginal rate of intertemporal substitution,
R™ < Ry.3* As a consequence, a fraction  of firms which can borrow at the policy rate will hire
more labor and produce more than firms borrowing from households at the rate Rf = R; (see 35).
Firms would then produce at different levels, such that direct lending does not only affect credit
conditions but also distorts the allocation of resources. In our set-up, the central bank however
randomly selects eligible assets and thus avoids firms facing different costs of borrowing, such
that firms are identical when loan contracts are signed. Hence, the commonly raised critique that
deviating from a "Treasuries-only" collateral policy distorts the credit allocation applies to direct
central bank lending (see [15]), but not to the non-discriminating type of collateralized lending as
specified in this paper. Under direct lending, direct costs of operations other than open market
operations in terms of treasuries can further be justified by credit origination by the central bank,
as argued by [10]. Under collateralized lending, there is however no fundamental difference between

supplying money temporarily against treasuries or against loans, when both are eligible.
7 Conclusion

In contrast to the predominant view on monetary policy, a central bank can simultaneously control
the price and the amount of money, which requires to ration money supply in open market oper-
ations. This paper shows that central banks can enhance welfare via money rationing compared
to a conventional policy regime where the central bank supplies money to satiate money demand
at a given short-run nominal interest rate. Controlling the price as well as the quantity of money
under money supply rationing allows to affect the private sector behavior via more than an interest
rate channel. Under money rationing, the policy rate is decoupled from the nominal marginal rate
of intertemporal substitution, which can lead to long-run welfare gains by implementing interest
rates on eligible assets below levels implied by the Fisher equation. We further show that mone-
tary policy can overcome the well-known short-run trade-off between stabilizing prices and closing
output-gaps, which is — in the literature on optimal monetary policy under sticky prices — seen
as the main task of a central bank. We expect the additional monetary policy instruments under
money rationing also to be beneficial when frictions other than those considered in this paper are

present.

328uch a policy would be comparable to the case where the central bank discriminates between firms when it
accepts loans as collateral, such that households demand different loan rates depending on whether debt issued by
a specific firm is eligible or not.
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Appendix
A Competitive Equilibrium

A competitive equilibrium can be defined as follows:

Definition 1 A competitive equilibrium is a set of sequences {cs, G, ng, mT, mbP, by, b, i, wy,
met, Zt, st, m, REYSS, satisfying
] = e,
1/RF = (1 — k) ¢ BEy [¢,7y /7] + e/ R,
V& 7 = BE; [/ i)
et = (L+Q)mf" +mf, if ¢ =c;7[L = BE: [e 0 /mi4a]] > 0,
orc; < (14 Q)m +mkE, if 4, =0,
Kb/ (BY'me) = (L+ Q)m{" —m{Tym b if ny = ¢ 7[(1/RY) — ¢ BE; [0 /me41] >0, (A5)
or kPb1/ (R{'me) > (1+ Qo)m{" —mfLymt, if ny =0,
kile /R = mE, if n, >0, or kely/R™ >ml, ifn, =0,
by = b —mf,
meiazand ™t = (1 — 7") wyRE,
li/RE = weny, if RF > 1, or ly/RE > wny, if RF =1,
Zi(e —1) Je = Z14) Zoy, (A.10
where Zyy = v¢; “yimey + $BETE 1 Z1 1 and Zay = 3G Ty + SBETE L Za i1,
L= (1-)(Z)" " +omi Y,
th = Fth—1/7Tt,
agng'/se = ¢ + ¢,
st = (1 — )2, + psy_1ms,

the transversality conditions, a subsidy 1", a monetary policy setting {R}* > 1, /ﬁtB € (0,1],
Kt € [0, max{1,7}], Q > 0}2,, given {ar, 11}, b—1 > 0, b7 >0, mf} >0, and s_; = 1.

When the policy rate R}" equals 1/(c{ BE; [c;fl/wtﬂ] ), 1, = 0 holds (see 28) and money supply is
not effectively rationed (see A.5 and A.6). Then, the set of equilibrium conditions can be reduced
to a conventional sticky price model with transaction frictions (see [17] or [20]) and the competitive

equilibrium can be defined as follows.

Definition 2 When money supply is not rationed, n, = 0, a competitive equilibrium is a set of
sequences {ct, Ct, N, lt, Wi, mer, Zt, s¢, T, REYZ, satisfying (A.1), (A.3), (A.8)-(A.11), (A.13),
(A.14), ¢;7 = BRLE, [ct_fﬂ;lﬂ, RF = R™, the transversality conditions, a monetary policy setting
{R" > 1}22,, given {as, p}52, and s—1 = 1.

The sum of real balances can then residually be determined by ¢; = (1 + Q)mf’ +m} if R > 1,
while there are infinitely many sequences for b; and b} that are consistent with a competitive

equilibrium as given in Definition 2.
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B Appendix to the Role of Money Rationing

Proof of Proposition 1. To identify the first best allocation, we consider a social planer who
~ 1 . 1 1 . 1 .
solves max By, Y00 B'u(ciy, Gig,mig), s.t. 1) ag [, ndj = [ yredk, 2.) fo niedi = [o nigdi,

e=1 e
and 3.) fol Y5 dk = ( fol cipdi + fol Emdi)Tl, where the last condition stems from combining

e—1

1 =L 1 S P . ~
=/, Y dk and y = Jo ciedi+ [, Ciedi. The first order conditions for ¢; ¢, Gy, nig, njye, and
e—1
. a—1 -1, 1
Ykt are given by XnZt = )\Q,t, Al,tatanj7t = )\271:7 >\3,t€a ykﬁg = )\171:,
1 1

e—1 e—1
_ e—1 /ot N E e A T L
;7 = A3y 5 </ c@tdz—i-/ c@tdz) , ’yczt = A3 5 (/ ci,tdz—i-/ Ci7tdl> ,
0 0 0 0

where the \'s denote the multipliers on the three constraints. The RHSs of these conditions imply

that choices for individual households, firms and retailers (i, j, and k) are identical, such that
= 1 o~ ~ 1~ . 1 .

fo ykt dk = Ur} and ¢;; = ¢ = fo cipdi, Cip = Ct = fo Cipdi, njg = ng = fo n;¢di, and nj; = ny =

fo nj.di. Eliminating the multipliers, yields xnjc{ = ajany™t, 7¢, 7 = ¢;, and & + ¢; = a;ng.

n+l—a =c¢; %at (a/x) and anf = ¢ (1 _,_,),1/0)7 and

Substituting out & with & = ¢vY/7, we get ny
1
substituting out ¢; with ¢; = a;nf/ (1 +~7), gives ny = [a; 7 (1 ++Y7)7 (a/x)]77-a7o=, which

establishes the claims made in the Proposition. m

Proof of Proposition 2.  Suppose that the policy rate satisfies Ry < 1/(cf6Et[c;f17r;r11].
Then, n, > 0 (see 28) and ¥, > 0 (see 26) hold, such that (A.4)-(A.6) are binding. Hence,
kBbi 1/ (R"mt) = ¢t — kely /R —mfL w771 has to be satisfied in equilibrium, which can by substi-

tuting out loans and the real wage rate with (A.8) and (A.9) be rewritten as
kPbi 1/ (R"me) = ¢t — kit (megagan/[(1 — 1) RY) — mP ;b (B.1)

Further substitute out w; in (A.1) by (A.8) and b/ in (A.12) with (A.7). For given sequences {s,
711220, the set of sequences {c;, &, n¢, mey, RE}$2, can then be determined by (A.2), (A.3), (A.13),
(B.1), and
xnjef = agang ™t [mey/ (i (1 — 7)) /RE, (B.2)
where {mfl, b,}2° satisty mif = 7, ' mfL | +xPb_1 /R /(14+) and by+mf =T (by—y + mf ) /m,
given {ag, 1, 320, {RT, ke, k2, 0}, m*, > 0 and b_1 > 0.
Now suppose that R;* = 1/(BE; [c;flcgw;rll] =1, = 0 (see 28), such that (A.5) and (A.6) are
slack, and (A.2) reduces to
/Ry = Be] Eylefympn]. (B.3)
Hence, for given sequences {s;, m;}22,, the set of sequences {ct, ¢, ny, meg, RE1, are for n, = 0
determined by (A.3), (A.13), (B.2), (B.3), and R} = R™, given {a,u,}2, and {R7*}%°,. The sum
of real balances can then residually be determined by (A.4) given {Q:}2,if R >1. m
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Proof of Proposition 3. Suppose that competition is perfect, ¢ — oo and (; — oo, prices are
perfectly flexible, ¢ = 0, and 7" = 0. Then, (8), (A.11), and (A.14) imply mc¢; = 1, and s; = 1,
such that the conditions (30)-(32) reduce to

amf = (e +@) . xn, "] = aa(1/RE), 167 = ¢ /Ry, (B.4)

where we used Ry = 1/(Bc7 Ey [CtHﬂ'tJrl]) According to (B.4), implementation of the first best (29)
requires R = 1 and R; = 1 for v > 0. Inserting these values in (33), implies the policy rate to
satisfy Ry* = 1. Then, n, = 0 (see 28) and the collateral constraint (27) is not binding. =

C Appendix to Optimal Monetary Policy

In this Appendix, we examine optimal monetary policy under commitment, where we consider
that the central bank supplies money against eligible assets. The production subsidy is assumed
to satisfy 7" = 1 — (¢ — 1)/(ep), such that average distortions due to price and wage mark-ups
are neutralized. We restrict our attention to the case where the constraints on the choice of the
policy instruments, RJ® > 1, kP € (0,1], x; € [0,max{1,7%}], and €, > 0, are not binding, which
is confirmed for the solution to the optimal policy plan. The central bank chooses an optimal plan
for all periods t > 0, i.e. it maximizes household welfare (9) by choosing a set of sequences {¢,
G, ng, mi, mE, by, b L, we, mey, Zy, S, T, Rf}fio and the instruments {HtB,I{t,RZn,Qt}?iO
subject to the set of equilibrium conditions (A.1)-(A.14). Substituting out w; in (A.1) and (A.9)

with (A.8) and m} in (A.4) with (A.6), we can summarize the policy problem as follows:

_max min (C.1)
{ee,Ceme,mt by T lymey,Ze, 21,4, Z2 150w, RE 6P ke RVY2 o {01,-014,6 32
EZBt (I =D =a) " 4@ =D =0) " —xn (L4 m)

[ (1 —71™)xnlc] — mctatoznf_l/RtL] + 624 [’yEt_” — BE; [C;_fl/ﬂt_l,_l]]
+03 [1/Rt — (1= ke) fye, 7 — /{t/R;”] + 04 [(1 + Qt)ml{{ + kil /R — ct]
+05 ¢ [bt — bl 4+ m! ] + 06 ¢ [l — mcrarang]

072 ani [t = G — ] + 05, | Z2 (e = 1) [e = Z1.4/ Za]|

000 [(1= @) Z)' ™ + omi = 1] + 10, st — (1= )27 = gsiars

(
+011¢ [Z1p — ¢ 7 (and [se) mey — GBETE 1 Z1441)

—1-91 ®

+012,¢ | 2oy — ¢, 7 (agng'/s¢) — ¢»3Et7ri:1122 t+1]

+013t Fbg‘ 1/7Tt] +(914t[l€t bt 1/ (Rmﬂ't) (1 +Qt) my —i—mf{ 174 l]},

given 7" = 1 — (¢ — 1)/(ep) and initial values b_; > 0, b*; > 0, mf; >0, and s_; = 1.
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Proof of Proposition 4. To establish the claims made in the Proposition, we examine first
order conditions of (C.1) and show sequentially that several multiplier 6;; are equal to zero,
indicating that the particular constraints are not binding. The first order condition for & is
given by 614:b—1/ (R*my) = 0 Vt > 0 and implies 614+ = 0. The first order condition for b,
05+ + /BEt0147t+mg1/Rﬁl7rt+1 = 0Vt > 0, then implies 05; = 0, and the first order condition
for mf, 05, + (1 + Qu)0as — (1 + Q)014s + BE014441 /741 = 0 ¥Vt > 0, implies 044 = 0. The
constraint (A.12) is then irrelevant for the policy problem (and the first order condition for b},

05+ = 013+ — TBE013+4+1/7e+1, is consistent with 613, = 0). For R < ¢; 7 /(v¢,7) <
R} < ¢ /(BE [c;.0y/mis1]), (C.2)

the first order condition for k¢, which requires x; > 0 and reads 440/ R{" = 03 (cfny; 7-1/ R{”)
Vt > 0, together with 64+ = 0 implies 03+ = 0. Suppose that x; > 0 and (C.2) are satisfied. Then,
the first order condition for RF, 61 ;mciazand ™ (I/RtL)2 — 03,4 (1/RtL)2 =0Vt > 0, together with
63 = 0 implies 01 ; = 0. Further, using that the first order condition for l;, 84 k¢/ R + 06+ = 0
vVt > 0, together with 64; = 0 implies 66; = 0, we can conclude that the first order condition
for mcy, —917tat0m?71/RtL — O rarany’ — O011,v¢; 7 (any/s¢) = 0Vt > 0, implies 611, = 0. Then,
the first order conditions for Zy, —0g+/Zaog + 6110 = 0 and —0g1/Z2s + 011+ — O114—1¢7; = 0
Vt > 1, imply 0g; = 0 Vt > 0, and the first order conditions for Zs 4, 087021,0/Z2270 + 612,0 = 0 and
08,0214/ 23, 4 0124 — 0124197 " = OVL > 1, imply O124 = 0 V¢ > 0.

To rewrite the policy problem given in (C.1), we can therefore use that the multiplier 64,

e—1 ~
05, 013+, and 014+ equal zero. We further combine (A.11) and (A.14) to % = Z;, and
substitute out Z; in (A.14), to get
- S (1—¢)Te (1—¢ns 1)o7 C.3
s¢ — @51 = ( b) ( oy ) . (C.3)

If k¢ > 0 and (C.2) are satisfied, the multipliers 61, 03¢ 0s+, 611+, and 012, also equal zero and
the remaining constraints for the policy problem are (A.3), (A.13), and (C.3). The policy problem

(C.1) can then be rewritten as

_ max min (C4)
{ct,Ct,me,me,5e 152 0 {A1,8,A2,6,A3,¢ 152

EY B {7 -00-0)" +1@ -0 —0) " —xni T )]
t=0

e [BE: [ /men] =18 7] + Aot [ang' /sy — ¢ —
+A3 [St — s — (1 — qj)fis (1- ¢7r§—1)5%1} } .
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As can be seen from (C.4), the allocation under the solution to (C.4) is independent of mark-up
shocks p,. If (C.2) is not satisfied, i.e. if R = ¢;7/(BE; [¢,}/mi+1]) holds, condition (A.2)
reduces to R = ¢; 7 /(BE: [c,.0y/mi41]) or v¢; TRF = ¢; 7, such that the multiplier 65, as well as

the multipliers 014, 03¢, 011+, and 012 are in general not equal to zero. m

Consider the policy problem summarized in (C.4). The first order conditions are given by

¢ 7 =Xy + A0 (¢ 7 m) V> 1, g7 = day,

xny = )\gjtatomf‘*l/st vVt > 0,

1

(
N7 = Aoy — M gyoc O VE >0, (
(
“Avi-16, 7 = Mg pdem; <8t—mt —[(=¢m ) /(1= 9)] ) V> 1, (

1
0 = A3,0¢emg <8—17T0 — [(1 — ¢7T(6)_1) /(1= ¢)] El) ,
Ao arns /57 = A3y — BE N3 111675, VE >0, (C.9)

as well as (A.3), (A.13), and (C.3). For the subsequent analysis, we abstract from the issue of time-
inconsistency which arise here due to the existence of forward-looking private sector equilibrium
conditions (see C.5 and C.8). Hence, we disregard choices that would apply only for period ¢ = 0.
Substituting out Ay ¢ with (C.7), the solution to the policy problem (C.4) is then a set of sequences
for {ct, ¢, e, T, s, A, A3l satisfying (A.3), (A.13), (C.3),

7[1=Ayo10 (c;l/ﬂ't)] =(x/a)n; s /ay, (
V&7 (14 Ayoe ) = (x/a)n, s, fay, (C.11
A3t — BOEA3 17 = (X /) ni /st (

—ALt-1¢; 7 = A3 e <3t—17rt —[(1=onih) /(1= 9)] Ell) , (G113

given s_; = 1. The steady state under the optimal policy, where exogenous and endogenous

variables satisfy ©; = x;—1 = 2441 = x, is given by a set {c, ¢, n, 7, s, A1, A3} satisfying

Ve T =c7 (B/m), (C.14)

n®/s=2c+-ec, (C.15)

s(1=¢n) = (1= 9)% (1—¢n" )71, (C.16)

7 [1= o (/)] = (x/a)n ' *Ts, (C.17)
e 7 (1+Moc ) =c 7 [1 - Ao (/7] (C.18)

) (C.19)

)= (C.20)

A3 (1= Bon®) = (x/a)n'™/s,
e J(Aggen) = s — [(1— ¢ns) /(1 - ¢)] 7T



Proof of Proposition 5. Suppose that x; > 0 and (C.2) are satisfied, such that the policy
problem (C.4) applies and the steady state under the optimal policy is characterized by (C.14)-
(C.20). Using (C.14), condition (C.18) can be rewritten as 1 —(8/m) = Ao (¢7!/7) +(8/7) Aroc™?
and further as \; = %% Eliminating A1 with the latter and A3 with (C.19) in (C.20),

14+(B1 /)
leads to

e 7r{ el } N <1—¢7r5_1>511
_ z — o P (R
1+ (ﬁHa/’YW)l/UU (x/a)nitn 1 — Bome s 1-¢
_ germ® T —1
11— pBémel — g1’
where we eliminated s with (C.16) for the second equality. Substituting out A\; as above and s

140 1/o
with (C.15) in (C.17) gives ¢™7 ﬁiié’ig/;:;l)/g = (x/a) n”*li, which after eliminating ¢ with
(C.14) reads

(C.21)

e _ 1 Lt (87 /7m) " (€22

/@)™ 1 (B (/) + (81 jam) T
Substituting out the term in the curly brackets on the LHS of (C.21) with (C.22) gives the following

condition, which features the steady state inflation rate as the single unknown:

1—m

(1 —¢m==1) (1 = fore)
where © (1) =

oep =0 (m) (1 —3/n), (C.23)

)1/‘7 ,ﬂ.l—a

(ym
()7 B /) 4+ BT 1 (9 )7
For v >0, © (m) > 0 if 7 € (0,00). Suppose that 7 = 1. Then, the LHS of (C.23) would be equal
to zero, given that 8 € (0,1) and ¢ € (0,1). For the RHS of (C.23) also to equal zero, © (7) > 0

would demand 7 = 3, which is a contradiction, since § € (0,1). Neither 7 = 1 nor m = 3 therefore

solve (C.23), such that prices are not stable in the long-run under the optimal policy and the

allocation differs from the first best allocation (29), since v¢~ 7 # ¢~ according to (C.14). m

Proof of Proposition 6. Suppose that x; > 0 and (C.2) are satisfied, such that the policy
problem (C.4) applies, that there are no credit goods, v = 0, and that the production subsidy
7" satisfies (37). Then, the equilibrium condition (A.3), which is the first constraint in (C.4)
associated with the multiplier \;;, becomes irrelevant and the set of conditions (A.3), (A.13),

(C.3), (C.10)-(C.13) describing the solution to (C.4) simplifies to the following set of conditions
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for ¢i, ng, T, ¢, and A3y :

aing /st = ct, (C.24)
¢ =(x/a)n,; " sy /ar, (C.25)
0= Nasoen (seoam — [(1=omi ) /(1- 0] 1), (C.26)

(C.3), and (C.12), which hold V¢ > 0. For A3; = 0, the constraint (C.3) is not binding and the
policy problem (C.4) reduces to the one of a social planer, leading to the first best allocation. For
A3t # 0, condition (C.26) implies s;—; = 7rt_1 [(1 — q§7r§_1) /(1 — (ﬁ)]f%l Substituting out s;_1
with the latter in (C.3) gives

sit=0-0r ")/ (1-9), (C.27)

which can be combined with (C.3) to get sy — ¢si—17F = s¢ (1 — qﬁwffl), implying s;/s;—1 = m¢.
Eliminating 7, with the latter in (C.27) leads to (s;/si—1)° "+ = (1-(1=9¢)si ) /p & s7° =
¢s + (1 — ¢), which by iterating backwards implies z; = ¢'™la_; + (1- ¢t+1), where x; = 5} °
and we used (1 — ¢) ZE:O P = (1 — d>t+1). Given that s_; = 1 and thus z_; = 1, we can conclude
that s, = 1Vt > 0, and — by s;/s;—1 = m — that m; = 1. Then, (C.24) and (C.25) reduce to
an® = ¢; and xn}/c;® = azan$ ', which are identical to the conditions describing the first best
allocation for v =0 (see 29). =

Proof of Proposition 7. As shown in the proof of Proposition 6, the allocation and prices
under the optimal policy for v = 0 and (37) satisfy n{/s; = ¢, XntH"_a = arac, 7, sy = 1, and
7, = 1. To show how this can be implemented by the central bank, we substitute out Z; by (A.10)
in (A.11), where Z1 4 = Agpmer+@BEms 1 Zuain, Zog = Myr+ OBEm T} Zog i1, and Ay = BB, 2
(see 12, 18, and 19), to get

e B2 (48)° (HZ:lﬂ-iJrk) AttsYt+sMCits
e—1 B33, (68)° (Hizﬂf;;) AttsYits

[(1—gms ) /(1 —g)] " = . (C29)

for which we iterated Z1 ¢ = Myymey + 9BE i 1 2141 and Zop = Ayp + ¢6Et71'§;11Z2,t+1 forward.
For meyys = %, price stability m; = 1 solves (C.28), which together with (C.3) and s_1 = 1
implies s; = 1. To implement this solution, we use that the constraints (A.4), (A.5), and (A.6) are
binding under (C.2) (see 26 and 28). First, the instruments x; > 0 and R}" are set to control the
loan rate according to (A.2) in a way that it satisfies RF/RF = u/p,,

(1 — k¢) Bef By [C;flﬂ;rlﬂ + ke /R = e/ (MRL) : (C.29)
Then, (38) reduces to xny/c;” = aan® ' [mci/mc]. Second, the instruments x7, k¢, and R

are set to implement particular values for aggregate demand ¢; and thus working time 7;, which
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imply mc¢; = Eg—l These values can be identified by solving for consumption and working time

using (C.24) and (C.25): ¢ = st_(1+n)/(n+ao+1_a)02‘ and Ty = SEU_I)/(HJFMH_O‘)WJ:?, where ¢; and
n; denote the first best values (see 29). Substituting out working time and the subsidy 7" in (34)
with (C.24) and (37), then shows that the central bank can set its instruments x7, s, and R to
ration money supply and thus consumption up to the level ¢; by satisfying

mepasy i RE _
/ﬁ}tBbt_l = R?’Lﬂt |:Ct <1 — Iit;rw]t%/:n> — mﬁlﬂ't 1:| . (030)
t

Inserting ¢; and 7y into xn//c; % = atomtafl [mei/me], then leads to me; = me. Given that the
latter implies 7y = 1 and s; = 1, the values ¢; and m; will be identical to the first best values
¢, = ¢ and 7y = n} in equilibrium. For k; = 0, (C.29) reduces to fcf E; [c{fﬂt__&l] = p;/ (R"),
which cannot be satisfied under first best, since m; = 1 would then hold and ¢ is not a function of
y (see 29).

To ensure price stability in the long-run (¢ — o0), we consider the deterministic steady
state under the optimal policy, where a; = 1 and p; = p holds and the allocation is time-
invariant, n = (a/x)m and ¢ = n® (see 29). Suppose that the instruments R}* and
k¢ are constant in the long-run, whereas x and € are adjusted in the long-run to imple-
ment price stability. Then, (A.2) and (B.2) imply that R} and mc, are also constant in the
long-run. Since (C.2) holds under the optimal policy, (A.4)-(A.6) are binding. Then, long-
run money holdings satisfy (1 + Q)mf’ = ¢ — r (an®uRY/R™), where we used (A.8), (A.9),
and (37), and (B.1) implies kb1 = R™ [c — & (an®uRY/R™)] (7 — (1 + Q¢-1)"'). Substituting
out household bond and money holdings in (A.7) then gives b/ | = [c — k (an®uRY/R™)] (1 +
Q1) [(R™/kP) (m (1 + Q—1) — 1) + 1], which is used to eliminate total bonds in (A.12), im-
plying for ¢t — oo :

R™ 149 (R™
—  r(1+Q)—-1+1 | =T ' —— [ [r(1+Q 1) —1]+1]. C.31
(ﬂgl[w( + Q) — 1]+ ) T 1+Qt—1<f€tB [m(1+ Q1) — 1]+ ) ( )

Hence, for the implementation of long-run price stability, 7 = 1, (C.31) demands that the instru-

ments k7 € [0,1) and Q; > 0 have to satisfy

i (1 —I—RmQt//ﬁ:il 1+ RmQtl//@tB) —0

C.32
1+ 1+ Q1 ( )

t—o00

For I' > 1, (C.32) can be satisfied by Q; = Q > 0 and by letting x” shrink according to

limy 00 n% — FF%B — % = 0, while for ' < 1 and k? = &P € (0,1] by letting Q; grow ac-
t+1 t

1-I'

— F1+§12t_1 ~ TonB/Rm = 0. For I' = 1, constant values for Q; and &

cording to lim¢ o 7 +19t

satisfy (C.32). m
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APPENDICES NOT INTENDED FOR PUBLICATION

D Retained Earnings

In this Appendix, we examine if intermediate goods producing firms choose to borrow from house-
holds, such that (1) holds, even when retained earnings are considered. When a firm j exists for
more than one period, it can retain earnings to the amount H;; at the end of each period, which

can be used to finance the wage bill in the next period. Then, its nominal profits Ptvf , are

Ptv]f,t = (1 + 7P)Pyraenf, — Pawgnjy + Ljy (1/Rf —1) — Hjs + Hjy_1. (D.1)
Instead of (1), its working capital constraint would then be given by
(Ljt/RE) + Hjeo1 > Prwgnjy. (D.2)

Firm j maximizes the present value of profits subject to (D.1), (D.2), and a non-negativity con-

straint on retained earnings H;; > 0, such that its problem can be summarized as

(o]
s Hrvntaft}oo Etzqmwk%f,ws s.t. (D.1), (D.2), and Hj 45 > 0.
gtHitbgtie=o0 T,

oa—

The solution to this problem is Vk > 0 characterized by P(]7t+kat+kan]7t_:k = (1 + Sjt4k) PrprWepr,

LINETESY

o (14 Gj4ht1), and Gy = R, — 1, as well as by the comple-

Witk = 1 — BEk
s L _
mentary slackness conditions ;s yx[(Lj /Ry y) + Hjtrr—1 — Prorwerrnjirr] = 0, Seyr > 0,

@ji+khjrk > 0, and wjyyg > 0. Eliminating ¢4 then leads to (6) and

Witk = 1 — BBy [(Qt,t+k+1/Qt,t+k)RtL+k+1] ;

which shows that firms are not willing to retain earnings, @, > 0 = Hj;yp = 0, if the
loan rate is sufficiently low, q;tﬂrkﬁEHk [qt7t+k+1RtL+k +1] < 1. In equilibrium, the latter implies
& BE; [¢,1 R, /mi41] < 1 and for the steady state

Rl < 7/p. (D.3)

As can be seen from (22), (D.3) is satisfied if the central bank instruments are set according to
k > 0 and R™ < m/f in the long-run. These restrictions on the policy instruments are in fact
satisfied under optimal policy, as shown in Proposition 4. Hence, as long as deviations from this
steady state are sufficiently small, which is implicitly assumed for the shocks processes, w@;; > 0

holds under the optimal policy. Then, loans satisfy (7), which holds with equality if Rf+k > 1.
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E Optimal Policy without Money Rationing

In this Appendix, we derive the optimal policy plan under commitment for the conventional case
where money supply is not rationed. For this, we refer to the policy problem (C.1) and consider
the case where (C.2) is not satisfied, such that R{" = c¢; 7 /(BE; [¢,7/m¢+1]). Then, the collateral
constraint (27) is not binding (see 28), and the multipliers 61, 03¢ 03¢, 011+, and 12, in (C.1) are
in general not equal to zero (see proof of Proposition 4). The policy problem (C.1) is then given

by

max min (E.1)
{et,Genemee, Ze, 21,1, Z2,0,56,m 3520 {A0,65-A7,6 1720

L=BS 0 [ - DA — o) 4@ - ) (10 — T (1)
t=0

Aot _[Mt(l — My (meaay)] — BE, (Ct_—f—al/ﬂt—l-l)}

+A1,t [BE: (¢ 71/ Te1) — 76 7] + Ao [(aengt /se) — & — 4]

+A3¢ :st — ¢psi—my — (1 — (]5)1%5 (1- (ﬁwf_l)f%l}

e [(1=0)(Z2)' = 4+ omi ™t = 1] + Ase | Ze (e — 1) fe} = 214/ 2]
X6t [Z14 — 76 7 (wnd [ s) mey — QBETE 1 Z1 441

A4 [Zay — 76, 7 (amf /se) — SBEmy 1 Zagia]} -

Neglecting the conditions for period ¢ = 0, the solution to the policy problem (E.1) has to satisfy

the following first order conditions

0=c; 7 (L+oc; ' (Moot — Ap—1) /7e) — Ao,
0=~¢, 7 + Alytvag;gfl — Aot + )\6,15705;071 (agng' /se) mey + )\77,5705;‘771 (ang'/se),
0=—xn]+[Nos(n+1—a)u(l—7"xn]"%/ (meiaay)] + Aagarand™/s;)
—Xgrayc; ? (atnf‘_l/st) mey — Ay rayc, © (atn?_l/st) ,
0=(Nos_1¢7/73) — M14o1¢, 7 /T2) + Mg (€ — 1) oms 2 — Ny 10ems 21y — Ary_16 (e — 1) w5 2 2o
FAg e[ dsioems ™t — (1 - ) 7= (ef(e — 1) (1 - ¢m5 )T (= (e — 1) o)),
— (Ao pani/s7) + st — BEAs 1110751 + X617 (angt/s7) me + Agavey 7 (anf/s7)
= —[oape(1 = 7")xn! ™7/ (mcfaar)] = Xe7E 7 (amf' /1)
—(Xs4/Z24) + N6t — N6, t—1077,
= (N5 Z1,4/73) + Mg — Arg—19my

0=Xs(1 —¢) (1 —€)(Zt) 4+ Ass (e — 1) /e,

0
0
0
0
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which together with 1,(1 — 7")xny '~/ (mcaar) = BE; (¢, /me41), (A.3), (A.10) including the
definitions for Z;; and Zs;, (A.11), (A.13), and (A.14) describe the solution for {Ag¢, A1¢, A2y,
N3, Mty A5ty N6ty A7ty Cty Cpy Mgy MCty 2y, 1ty Zog, St, T}52 given s_1 = 1. Eliminating Ao ¢, Aa¢,
A5ty Agt, ATe, MCt, Zt, Z14, and Zay, the steady state of the solution to (E.1), where all exogenous

and endogenous variables satisfy x; = x4_1 = x;41 = x, can be reduced to a set {c, ¢, n, 7, s, Ao,

A1, Az} satisfying (C.14)-(C.16), and

0=8+ Ao (071 + ,6"571) — Ao (071 + ,3'571@(77)) -,

1
0:% (1 +oct (Mo — A1) /7T) (an®/s)+ X (n+1—a+ aB(r)) — X:n: %,
0=XO(r) + % (1+0c (Ao — A1) /7) (n°/s) — %s)\gco (1 - Bore),
B . s m—1 o
0=hutdusen STt 0 (18 e )
_ a1 —¢n! = (1—o¢pr) c°
o=n 105 () e

where ©(7) is defined as O(7r) =1 — 11;‘7??: 1;?([;27:1

F A Version with Consumption Loans

In this Appendix, we examine an alternative version of the model to demonstrate the robustness
of the main result, namely, that the central bank can enhance welfare via money rationing. For
this, we neglect the working capital constraint (1) and consider borrowing and lending between
households. We assume that households differ with regard to their marginal valuation of the cash
good due to preference shocks ¢€; ¢, while we abstract from consumption of credit goods (which

accords to v = 0). Specifically, households’ instantaneous utility function is now given by
u(ei, migs€it) = €ia(ciy " — 1) (L —0) " —xn ;7" (1+n)7", (F.1)

where 0 > 0, x > 0, and n > 0. To simplify the analysis, we assume that the stochastic component
€ir > 0 is i.i.d. with mean one, such that households are ex-ante identical in every period (see
below). We will restrict our attention to the case where €;; exhibits two possible realizations,
€ir € {e, €}, with equal probabilities, where ¢ < ¢, . These idiosyncratic shocks as well as the
aggregate shocks materialize at the beginning of each period and the timing of events in each
period is unchanged (see Section 2.1).

Households again face a cash constraint on consumption, which cause them to hold money
and assets eligible for open market operations. We further consider a market for intraperiod
consumption loans, where households can borrow and lend cash to the amount L;; § 0 at the

price 1/RF. When household i draws the realization €, (), it tends to consume more (less) than
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households who draw ¢; (¢,) and to borrow (lend) cash. Its cash-in-advance constraint is given by
Piciy < Lig+ M/}, — (Lit/R}), (F.2)

(instead of 3), where a negative (positive) value for L; ; indicates borrowing (lending). The amount
of cash that can be acquired from the central bank in exchange for treasuries and consumption
loans satisfies I;; < k¢ (Lit/Ry") + kP (Bit—1/Ry") for a lending household with L;; > 0 and
It < /@tB Bii—1/R}" for a borrowing household with L; ; < 0. The budget constraint of a household
i is given by (11), where P,¢;; equals zero. Maximizing E ) 2, Bu(cig, iy, €i4) subject to (2)
for Lij; > 0 and I;; < /stBBi7t_1/R?"L for L;y < 0, (10), (11) for ¢;; = 0, (F.2), and the borrowing
constraints lim,_,oo F1qt 445D t+s > 0, MZ{% > 0 and B;; > 0, leads to the first order conditions
€itCiy = Nig + Vi, utxnzt = wiAi¢, as well as (15), (17)-(19), and

Vi = Nig (RE — 1) + Rfwymy if Liy >0 or 9, = Ny (Rf —1) if Ly <0 (F.3)

(where the multipliers \; ;, 1; ;, and 7, ; are defined as in Section 2.3), the associated complementary
slackness conditions, and the transversality conditions. Given that wage payments are not liquidity
constrained, an inflation tax now distorts the consumption/labor decision, which can be seen, after

eliminating the multipliers in (18) with ei7tcl-_f = Ait + 9, and ,utxnzt = WAy, from

:UJtant = w; B} [Ei,t+1ci_¢i1/ﬂt+1] . (F.4)

Due to the assumption that preference shocks are i.i.d., the RHS of condition (F.4) is identi-
cal for all households and labor supplies satisfy, n;; = n;,;. Likewise, money and bond hold-
ings of households are identical, e.g. Mlﬁ = Mlg and By; = Bj;. The first order condi-
tions for loans (F.3) can further be transformed to 1/RF = (chi/€vt)BE€it41¢; 1)1 /me41] and
1/RF = (ki/R™) + (1 — ky) (c7i/€1t)BE[€i 116,y 1/mi41]. Combining these conditions shows that
the marginal utilities of consumption of the two household types can differ, €b,t0b_f < eucl_’t”, if the
policy rate is lower than the loan rate and loans are eligible with x; € (0,1):

1 — ki (RE /R

1—I€t

eb’tcb,t = El,thtU' (FE))

Compared to the case where loans are not eligible, x; = 0, which implies €,¢c, ;7 = ¢, (see
F.5),33 the volume of loans and, therefore, relative consumption of borrowers increase with larger
ratios R} /R™ for k; > 0 and thus with lower refinancing costs of lenders.

The remaining equilibrium conditions are unchanged, except of the firms’ labor demand condi-

33 Note that the identity of both types’ marginal utilities of consumption is then shared with the first best allocation.
Nevertheless, k; = 0 will not be chosen under an optimal policy due to the existence of further distortions.
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Figure 5: Responses (in % dev. from the steady states) to a productivity shock for the consumption
loans model

tion (6), which changes to (Py;/P;) atozn?"_l = (1 — 7™) wy, and the firms’ loan demand (7), which
is irrelevant. The full set of equilibrium conditions and the derivation of optimal policy can be
found in Appendix G. For the derivation of the optimal policy and for the else optimal policy
under non-rationed money supply, we consider a wage subsidy that compensates for the average
price and wage mark-ups, 7" = 1— % (like in Section 5). Corresponding to the benchmark model,
optimal policy (opt) is associated with r¢ > 0 and Ri™ < €1, /(BE¢[€i441¢; 1 1/Te41]), such that
(2) is binding and money supply is rationed. This tends to lower the loan rate and thereby the
costs of borrowing cash compared to the standard optimal policy (std). For the numerical solution
of the model, we apply the same parameter values as before. The only difference (beside v = 0)
to the parameter values described in Section 5 is the value of x;, which is here set equal to 0.9,
leading to the same steady state share of eligible loans (kl/y = 1/3) as in the benchmark model.>*
In addition to the set of parameter values from above, we apply the values ¢, = 1.7 and ¢ = 0.3,
which are mainly chosen to facilitate the illustration of the effects via impulse responses, while the

constraints on the policy instruments are again not binding for the cases under consideration.

The steady state allocations under both types of policy regimes (opt, std) differ from the first

31 The instruments Ry and xf are again adjusted in a state-contingent way to implement the policy plan.
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Figure 6: Responses (in % dev. from the steady states) to a cost push shock for the consumption
loans model

best allocation. The steady state inflation rates are almost identical and close to one, whereas
the steady state loan rate under optimal policy is smaller — and thus less distortive — than under
non-rationed money supply; the difference of 1.4% for annualized rates being comparable to the
benchmark model (see Figure 2). The steady state values for consumption of both types of agents
and working time are all smaller than under the first best and differ from the latter by a few basis
points. Under the non-rationing policy regime this difference is larger than under optimal policy
for the consumption of the borrower, Acj!®/Ac)?" = 2.4 (where Acf = ¢f —cf for « € {opt, std}), as
well as for working time and therefore output, Ay**®/Ay°P* = 1.13, while the opposite holds for the
consumption of the lender, Acftd /Ag” © = 0.75. The latter is reflected by the share of loans under
the optimal policy being much larger than under non-rationed money supply (L;” ¢ / Lftd = 1.81).
The steady state allocations under both policies imply a gain from money rationing (measured as
deviations from first best) of Loss**®/Loss°P* = 1.17, which is much smaller than in the benchmark
model, where Loss*?/Loss?" = 1.8 (see Figure 1 for v = 1 and ¢ = 0.8). This is mainly due
to the fact that the policy instruments under money rationing are, here, less effective in reducing
macroeconomic distortions than in the benchmark model, where firms’ real marginal costs could

be more directly stabilized via the firms’ borrowing costs.
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To further illustrate short-run effects from money rationing, we compute impulse responses to
aggregate shocks. Figure 5 presents the impulse responses to a positive productivity shock for
the optimal policy (solid black line with diamonds), the optimal policy under non-rationed money
supply (red solid circled line), and the first best allocation (blue dashed line). The allocations
under both policy regimes are hardly distinguishable, while they markedly differ from the first best
allocation. A similar result applies for the inflation rate, whereas the response of the dispersion
measure s; is clearly less pronounced under the optimal policy regime than under the policy
regime with non-rationed money supply. Like in the benchmark model, the policy rate under
optimal policy is reduced to a smaller extent than under the non-rationing regime. The implied
less pronounced reduction of the loan rate under the optimal policy is associated with an increase
in money supplied against loans, which rise in both regimes (with a higher mean value under
optimal policy).

Figure 6 further shows impulse responses to a cost-push shock. In contrast to the benchmark
model, these shocks can not be neutralized under optimal policy, such that first best cannot be
reproduced (as in Figure 4). Nevertheless, the optimal policy regime is overall more successful in
stabilizing prices and the allocation than the non-rationing regime. Like in the benchmark model,
the policy rate and the loan rate fall in response to the cost-push shock and the responses are
more pronounced under optimal policy. Given that the decline in the policy rate is more persistent
than the decline in the loan rate under optimal policy, the ratio Rf/R}J" and therefore the lenders’
willingness to supply cash increase after the initial period. In accordance with (F.5), this leads to
an increase in loans and a difference in both types’ consumption levels that is more pronounced

than under non-rationed money supply.
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G Further Details on the Consumption Loans Model

In this Appendix, we define the competitive equilibrium for the model version with consumption
loans and we examine optimal monetary policy. It should be noted that the valuation of income
At = pxn),/wy is identical for both types of households, which both exhibit a mass of 0.5. A

competitive equilibrium can be defined as follows:

Definition 3 A competitive equilibrium of the consumption loans model is a set of sequences {cbt,

. - L H H H L
Cit, Npt, Nt, Nt, lb,t; ll,t; ht, Uty My, mb’t7 ml,p my, bb,t; bl,t7 bt; W¢, MCt, th St, Tt, Rt }1?20

satisfying

Nyt ="Npt (G. 1)
Xngt = (wi/ py) BE} [0.5(ebc;f+1 + Glcljtil)/ﬂ't_i_l], (G.2)
1/ Ry = (c5.e/€n.) BE [0-5(evc;, 1y + €1¢y41) /T4, (G.3)
/Ry = (re/R") + (1= e) B (cFy/e1e) Ex[0-5(evcy 7y + e yy) /T, (G.4)

ot =tpe +mil 7t = (y/RE) if by, = (1— 1/R£)eb,tcbj;’ >0 (G.5)

or Cyy > Ut + mft_lwf — (lb,t/Rf) if Yy =0,

=1+ mi{g,ﬂ;l - (ll,t/RtL) if ¢l,t = (R"—1) (MtXnLtn/at) + Ri”m,t >0 (G.6)

or ¢y > iy + mﬁqﬂt_l - (ll7t/RtL) if ¢l,t =0,
RVipg = kit + 6 bigamy if my = (e /REY) — BEH0.5(enc, y y + ¢ () /i) > (G 7)

. B -1 .
or Ri"iyy < kelig + Ky bigamy if g =0,

Ry =k bysam, ' if oy = (evecyy /REY) = BE[0.5(epcy 7y + €16 71y) /mera] >0 (G.8)

m,; B -1 .
or Ri"ipy < Ky bpr1my - if Myt =0,

RI'mf = wkilyy if Mie >0 or RI'mf < wlyy if e =0, (G.9)
0=(1—7")w; — merazan®™? (G.10)
Zy4)Zos=Zi (e — 1) Je, where Zy4 = (MtXnZt/wt)(atn?/St)mCt + ¢BEmi 1 Z1441 (G.11)
and Zay = (utan,t/wt)(am?/st) + ¢5Et7r§;1122,t+17 (G.12)
1=(1—-¢)(Z)" "+ ¢m5 ", (G.13)

st= (1= ¢)Z;° + ¢siimi, (G.14)
ang' /st =crp + o, (G.15)
Nt ="Myt + N, (G.16)

—lpt =1, (G.17)
My =miy, (G.18)

be =bpp + by (G.19)
mf:m£t+ml]§5 (G.20)

ihs = (1 + Qe)mygly — mipy_s, (G.21)

i =1+ Qt)ml{{t — ml{{t,l + ml]jt, (G.22)

0= (b +mf) =T (by—1 +mily) /7, (G.23)
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the transversality conditions, a monetary policy setting {R™ > 1, kP € (0,1], x¢ € [0,1],

. -1 .
0}, a subsidy " = 85“ , given {ag, (1720, mf_l = mﬁ—l >0, bp—1 = b1 >0, by

by, 1+ b1 >0, mlfl = mf_l + mﬁ_l >0, and s_1 = 1.

IV

For the analysis of optimal policy, we consider the first best allocation as a reference case. Using

ng = ny¢ + npy and ng; = npy, the social planer problem can be summarized as

o
max B3 {05 fanlelz” 1) el — 1] (- o) = x 0510 (1 +) )
{Cl,t7Cb,t7nt7nj,t7yk,t}?io t=0 ’

1 1 1 1 o1 1 1 .
s.t. at/ n?tdj = / Y, cdk, / njdj = ny, and / Y5 dk = (/ cp i +/ credi) =
o 0 0 o 0 0

Like in the proof of Proposition 1, the first order conditions imply that choices for individuals are
identical. They can further be simplified to e,.c,7 = €.¢;7, x (0.5n;)" = atanf‘_leb,tcb_f, and

it + ¢y = agng’, which imply the following solution for the first best allocation

1+7] l—a+n

e r— o« 1.
b =l [ o/ (OB T (L4 (e /ep) 7] e (G.24)

1
o= (ere/ens)? coe, ne = (crfar)™.

To identify the optimal monetary policy, we consider the competitive equilibrium as given in
Definition 3 and eliminate wy, ng¢, np¢, lp ¢, mﬁ, mbf{t, th, by, bit, ipt, and 454, such that the set
of equilibrium conditions is reduced to a system in mcy, Zi, Z1t, Zayt, St, Cot, Cits Nt mﬁl, Tty Uit

RF, and b;_; satisfying (G.11), (G.13)-(G.15), (G.23),

€btChy = RE (1 —7™) piyx (0.5n4)" / (meragang™) ( )

py (1 —=7") x (0.5n¢)" = BE[0.5(epcy, 7y 1 + €1¢y 1)/ Tet1] (mearang™), ( )
ey <0.5mi w7t + (Ie/RE) + k£0.50 17, ' /R, (G.27)

e < (keli/RY™) + 0.5mf 7yt — (e /RE) + kP0.5b 17, /R, (G.28)

1/ R = (ke/R) + (1 — k) B (] /e1e) Bel05(ency oy + €6y 1) /Te1],(G29)

Zig=p (1 —7") (x/cv) 0.5, 1+77 by OBETE 1 21,041 ( )

Zow=py (1 —77) (x/) 0.5"n,; " (mctst)_ + OBEm{ Zayia, (G.31)

Kbt /R < (L+ Q) mf" —m{ |, ( )

and the transversality conditions, given {R™ > 1,kP € (0,1],5; € [0,1], > 0}2,, 7" = 1 — a,
{ag, 11,320, b1 > 0, m; > 0, and s_; = 1. To identify the optimal monetary policy under

commitment, we consider the following policy problem, where we consider the reduced set of

equilibrium conditions, i.e. (G.11), (G.13)-(G.15), (G.23), (G.25)-(G.32), and b} = b; + mfl, as
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constraints:

max min (G.33)

{eb,scr ememi be,bT i s ymee, Ze, 21 4,22, 1,5, e, RE 6B e, RIS 0 £01,65--014,6 382
o0
EY p [0.5eb,t(c;;” —1)(1—0) '+ 05e(c; 7 —1) (1—0) " = x(0.5n,) 7 (1 4 n)‘l}

+01+ |:Mt (1 —7")x (0.5m4)" el;tlcat — mctatomffl/RtL]

0o, [ — ) X (0.5n,)" / (meragan? ) — BE[0.5(ency 01y + elclj;l)/mﬂ]}
+0s, [(1 JRE) — (1= k) B (/1) Eel05(eacy gy + @cif)/Test] — ke /Rﬂ
+04, [0.5 (1 + Q) miT + (ie/RE) — cpe] + 05 [br — b +mf]

+06 [ (t/RE) + (el /RY) — ce] + 074 [aen /e — cip — coi]
081 |Zi(e—1 /g—zlt/zu} + 00, [(1=0)(Z0)' % + omi ™ - 1]

+010,t [St - ¢St—177§}

+011,¢ {Zu pe (1 —=7") (x/) 0‘577”1:1”575_1 - ¢/3Et7§+1zl,t+1]

+012,¢ [22,15 — iy (1= 7") (x/@) 0.5", " (meps;) ™ — éf)ﬁEthIllZQ,tH}

013, [bf — T 1 /7] + 014z [KPO—1/ (R m) — (1 + Q) mff +mfL m .

0.5 mi’ +
0.5 (14 Q) mi’ —

Like in the proof of Proposition 4, we show that several constraints in (G.33) are not binding: The
first order condition for k7 is given by O144bi—1/ (R]*m) = 0Vt > 0 and implies 014 = 0, while the
first order condition for b, 05 + ,6’Et914,t+1/£g_1/Rﬁ_17rt+1 =0Vt >0, implies 05; = 0 . The first
order condition for mf, 05 ;+0440.5 (1 + Q) +060.5 (1 + Q) — (1+)0144 + BE14411/7111 =0
vVt > 0, implies the sum 604, + 06+ to equal zero, 04, + 06 = 0. The latter and the first order
condition for consumption loans, 64./Rf + 06 (ke/R™ — 1/RF) = 0 V¢t > 0, imply that both
multipliers equal zero, 04; = 0 and 0; = 0, if kK, > 0. The constraint (A.12) is then irrelevant
for the policy problem (and the first order condition for bg, 051 = 013+ — I'BE013,141/Ti41, is

consistent with 613, = 0). For

6[7tCl_7tU
,BEt [(0.56{,0;’?_’_1 -+ 0.56161_7750_’_1)/7&_'_1]

R < (G.34)
the first order condition for x;, which requires x; > 0 and reads 03.[5 (cjft / el’t)Et[O.S(ebcb_,f Tt
€c iy1)/mir1] — 1/R{"] = be4liy/R{" YVt > 0, implies 63, = 0. Suppose that x; > 0 and
(G.34) are satisfied. The first order condition for RE, 61 ymciazang™ (1/RE ) — 034 (1/RtL)2

Oailis (1/Rt ) — 06,4114 (l/RtL) = 0Vt > 0, then implies #;; = 0. In contrast to the benchmark
model, further multipliers on the constraints cannot be verified to equal zero (see proof of Propo-

sition 4). Thus, if k; > 0 and (G.34) are satisfied, the collateral constraint (27) is binding and the
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policy problem can be summarized as

max min (G.35)

{eb,t5C1, 0t 21, 21,8, 22,8458, 120 ALt AT 4520
o0

EY p [0.5eb,t(c;;” —1)(1=0) '+ 05e(c; 7 = 1) (1—0) " = x(0.5n,)" 7 (1 4 n)‘l}
t=0

+A1t :Mt (1= ") Xx0.5™{ 7/ (mevarer) — BE, [0.5(ebcy, /41 + elCZtil)/Wt+l]}
+ Aot [ang /st — cre — bt + Aglse — dsp—ms — (1 — (Z))i (1- qﬁﬁ_l)ﬁ]
P [(1= )20+ omi ™t = 1] 4 250 [Zi (e = 1) fe = 24/ 2]

+X6,t :Zl,t — e (1= 7") (x/a) 0.5™m, s — ¢5Et775+121,t+1]

A7t [ Z2g — pe (L —7") (x/ ) 0‘57771%“‘77 (mees) ' — ¢5Et77§4:1122,t+1] .

Neglecting the conditions for ¢ = 0, the solution to the policy problem (G.35) has to satisfy the

following first order conditions:
0= O.5eb7tcg,f + A1,t—1€6,40.50 (cbjffl/m) — Aoy,
0= 0.5617150;:— -+ )\17,5_16[7150.50' <Cl_7to-_1/7['t) — )\2775,
0= —)(0.51'”77”L7t7 +[As(n+1—a)p (1 —7")x0.5"™]" "/ (meraar)] + ()\Q,tatanf‘_l/st)

Aot (L4m) py (1 =7") (x/@) 0.5"nils; ™ = Az (141) g (1= ) (x/) 0.5 (meys) ™

0=[A1s1 (0.56,,(:;;’ v 0.5elcljf) 72+ Mg (e — 1) s 2

Xt 19em; Z1g— Ay1¢ (e — 1) 7§ 2oy

+A3.¢ |:¢3t1577§1 —(1-9) = c i 1 (1 - ¢Wfil)i_l (* (e—1) ¢7T§72) )
0= —()\2,tatnfl/sf) + A3 — BEtAS,t+1¢7T§+1

ooty (1 —7") (x /) 05" 1572 4 gy (1 — 77) (x /) 0.5"n; Tl Ly

—[Arp (1 —7") x0.5’7n?+1_a/ (mcfaat)] + A (L —=7") (x/ @) 0.5’7n§+nmct_2st_1,
0=—(A5t/Z21t) + A6t — N6 t—107T7,
0=54(Z14/234) + At — Argoromy
0=Aat(1 — @) (1 — &) (Z¢)° + Xse (e — 1) /e,
as well as 0 = [p; (1 —7") x0.5"!1 7%/ (meyaser)] — BE0.5(evcy yq + €11 q)/Tea] , (G.11),

(G.13)-(G.15), (G.30), and (G.31). The steady state of the solution to (G.35), where all ex-

ogenous and endogenous variables satisfy x; = x;-1 = x41 = =z, can be reduced to a set
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{ep,c1,n,m, 8, A1, A3} satisfying

0=ec; ? (1 + O'Cl_l)\l/ﬂ') —epcy (1 + Ucb_l)\l/Tr) ,
0.5¢pc; 7 + 0.5¢;¢; ¢
0="05 (1+ chl)\l/Tr) (an®/s) + A1 % —‘:U G
B €Cy
xnttn0.514 ¢
ey’ B’
0.5¢pc; 7 + 0.5¢1¢, 7 _ T g
et — = o(m) + T0.5 (1+o0¢, 1)\1/71') (n®/s) — =sA3—2 (1 — Bor®),
€y, B B e
-1 S
S S e S WM S S
0.5epc, 7 + 0.5¢¢; 7 1 — ¢me 1—¢pne=1t1 — ¢t
e m(1—on\71 (1-¢Br 1) 0560, +0.56¢°
e—1p 1—9¢ (1 — ¢pne) (x/a)0.5mntl-a ’

gy (e )
(1-9¢) 1= or)

O=c+cp—n/s,

Mm+1—a+(1+n) ®(n))

0=2A\

0=—M\1 + A3¢en®

0=1-7")p

0

— s,

where ®(7) = li;%gil 1;?:;;: -1

When (G.34) is not satisfied, money supply is not effectively rationed. Then, (G.25) and (G.26),

. . 0.5epc, o 1 +0.5¢1¢;
which can be combined to 1/RF = - i_aﬁEt e
b,tCp ¢

, and (G.29) imply €., =

eb’tc;f. The policy problem can then be summarized as

max min (G.36)

{Cb,tvcl,tyntymct7Zt,Z1,t,Z2,t75t77rt7},?io {A0,t5-- 27,6120
o0

E) p [O.Bebﬂg(cé;” —1)(1=0) 4+ 0.564(c; 7 = 1) (1= 0) ™" = x (0.5n,) 7 (1 41) 7"
t=0

o 05077 — 056,067 |

+A1t [Mt (1-7") X0'5nn?+1ia/ (merazar) — ﬁEt[O-E’(EbCz;fH + 6ZCZtil)/Wt+l]}
+ ot [aeng' /st — crp — Cot) + Azt [St — ¢spms — (1 — qﬁ)l%s (1- ¢7r§_1)5%1}
P (L= 2=+ om ™! 1] 4+ dy [Zi (e = 1) 2 = 214/ 22

Fhor | Zue = (1=7") (/o) 05" sy — GBEMG, 1 Zy i

+A74 [Zu —pe (1 =7") (x/) 0.577”;""77 (mCtSt)_l - QbBEtﬂ'i.,__llZZt—f—l] .
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Neglecting the conditions for ¢ = 0, the solution to the policy problem (G.36) has to satisfy the

following first order conditions

0= 0-5€b,tcz;f — 0.5)\0,t6b7tacgffl + A1,t-1€6,40.50 (cbff*l/ﬂ't> — Aoy,
0=0.5e1067 +0.500.0¢,077 4+ Ma-1e,0.50 (77 /7)) = Ao
0=—x0.5""] + Ay (n+1—a)u (1—71")x0.5"]"%/ (mcraar)] + (Magarans™'/s;)

Aot (14 7) i (1= 7") (x/@) 05"l syt = Age (1+m) py (1= 7") (/@) 0.5"n] (meyse) ™
0=[A1s1 <0.5ebcb_f v o.5qcljf) 73]+ g (6 — 1) s 2

N 10emE 21— Arg16 (e — 1) w52 2,

+A3¢ [—Qbst—lgﬁl - (1-9) = - i 1 (1 - ‘f’”fil)g%l_l (_ (e—1) ¢7T§72) )
0= —()\27tatn?/53) + A3t — BEA3441075 41

Fepy (1 —77) (x/) 0.5 572 4 Mg opy (1 — 77) (x/@) 0.5™n; e, s772,
O0=—[A et (L —7") X0.5MI e (mcfozat)] + Mg (L —=7") (x/@) 0.5, Pme; 2577,
0=—(Xs5,t/Z2¢) + X6t — N6 1—107],
0=(Ns2Z1/25,;) + Mg — Ma—19m
0=A1s(1 =) (1 =€) (Z) ™" + Xt (€ — 1) /e,

as well as 0 = g1, (1 — 1) x0.5"n) 1%/ (meyasa) — BE; @i () €46, —€eviCyp > (G.11), (G.13)-

41 )

(G.15), (G.30), and (G.31). The steady state of the solution to (G.36), can be reduced to a set

{cv,c1,n,m, 8, Mo, A1, A3} satisfying

OZCZ_1 ()\0+)\1/7T)+Cb_1 ()\0 —/\1/7T),

1+170_51+17
0="20.5(1-0oc; ' (Ao — M /7)) (@n®/s) + A (n+ 1 — a+ (1 +n) B(r)) — 2 T

3 - 737
0=X\®(7) + %0.5 (1—oc; (Ao — Ai /7)) (n®/s) — Esxg b (1— Bore),

0=-A1 + hygen” - Sb - S Alﬁl fﬁ;;ﬂi_l 11__¢7;6,

0=u(l-m") =5 <1 1 Q_W; 1) (1<1_—¢£;;>1 - (x/a) e

0= -l ;ﬂ_”;;); Lo,

0=c; + ¢, —n%/s,

0=¢c; 7 —eac,”,

where ®(7) = 1:)%?: 1;?27:1 -1
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